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Abstract

Despite its effectiveness for post-training rea-
soning models, group relative policy optimiza-
tion (GRPO) suffers from several key limita-
tions. Specifically, it introduces response-level
length bias, weakly penalizes low-quality trajec-
tories, and reduces rich intra-group preference
information to a simplified scalar reward, lim-
iting direct pairwise comparison between rea-
soning trajectories. To address these issues, we
propose AMIR-GRPO, which augments GRPO
with an implicit DPO-style contrastive regu-
larizer constructed directly from intra-group
reward rankings, without requiring additional
annotations. This mechanism strengthens sup-
pression of low-reward trajectories, mitigates
length bias, and converts each rollout group into
a denser set of supervision constraints. Across
multiple mathematical reasoning benchmarks,
AMIR-GRPO consistently outperforms strong
GRPO baselines, achieves clearer separation
between correct and incorrect reasoning chains,
and delivers broader coverage beyond instances
solved by standard GRPO.

1 Introduction

Post-training has become the primary mechanism
for scaling the reasoning capabilities of large lan-
guage models (LLMs). Unlike supervised fine-
tuning, reinforcement learning (RL) from outcome-
level feedback directly optimizes for high-quality
reasoning behavior (OpenAl, 2024; Guo et al.,
2025). Within this paradigm, group relative pol-
icy optimization (GRPO) (Shao et al., 2024) has
emerged as a popular approach: it samples multi-
ple completions per query and normalizes rewards
within each group, producing a low-variance policy-
gradient estimator while eliminating the need for a
separate value network (Shao et al., 2024; Zheng
et al., 2025).

In parallel, preference-based objectives such as
Direct Preference Optimization (DPO) (Rafailov

69

Fajri Koto

et al., 2023) effectively sharpen decision bound-
aries by contrasting preferred and rejected re-
sponses through pairwise supervision. However,
these approaches fundamentally rely on large cu-
rated preference datasets, which are expensive to
construct—especially for mathematical reasoning,
where high-quality labels are scarce.

These paradigms offer complementary strengths:
outcome-based reinforcement learning scales
through absolute rewards, while contrastive learn-
ing efficiently leverages relative quality signals.
However, standard GRPO does not fully exploit
the ordering it induces within each rollout group.
A rollout group of size G induces up to O(G?)
pairwise preference relations, yet standard GRPO
collapses this rich signal into only O(G) scalar
advantages. We argue that incorporating explicit
contrastive objectives into GRPO could unlock
these latent signals, improving sample efficiency
and strengthening reasoning alignment.

Furthermore, specific design choices in GRPO
limit its efficacy in shaping reasoning. First, assign-
ing a single trajectory-level advantage uniformly
to all tokens introduces a systematic length bias:
with positive advantages, shorter answers receive
larger per-token updates, implicitly favoring brevity
even when extended reasoning is required; with
negative advantages, penalties are diluted over long
responses, weakening suppression of long, low-
reward trajectories (Liu et al., 2025b). Second,
in the sparse-reward regime characteristic of dif-
ficult reasoning tasks, group normalization yields
weak penalties on incorrect trajectories. When few
completions are correct and many are wrong, the
negative advantage assigned to errors is diluted,
failing to effectively suppress long, incorrect chains
of thought. We argue that adding contrastive ob-
jectives to GRPO mitigates these issues by shifting
optimization from uniform token-level updates to
relative completion-level comparisons. Contrastive
signals strengthen penalties for low-quality reason-
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ing through pairwise comparisons and fully exploit
the ordering within rollout groups—boosting sam-
ple efficiency and alignment with reasoning quality.

These observations lead to our primary research
question: Can we enrich group-based policy op-
timization with contrastive, preference-like struc-
ture—without requiring explicit pairwise labels
while preserving GRPO’s scalability? We answer
this question affirmatively by augmenting GRPO
with an implicit preference objective derived di-
rectly from its own rollouts.

We introduce Augmented Merit-guided Implicit-
preference Regularization for GRPO (AMIR-
GRPO), which injects DPO-style contrastive super-
vision into GRPO while preserving its simplicity
and off-policy compatibility. AMIR-GRPO com-
bines GRPO’s scalability in environment-driven
rollouts with the boundary-sharpening effect of
contrastive preference learning. The core idea is
to reinterpret reward orderings within each rollout
group as implicit pairwise preferences: for a fixed
query, lower-reward completions act as rejected
outputs and are explicitly contrasted against higher-
reward completions. This turns each low-reward
rollout into a first-class negative example, enabling
the policy not only to reinforce effective reasoning
patterns but also to more directly suppress undesir-
able ones. Consequently, AMIR-GRPO mitigates
response-level length bias by enforcing negative
gradients on long, low-reward trajectories, and it
amplifies penalties in sparse-reward settings by con-
verting each low-reward completion into multiple
contrastive negatives. Empirically, this framework
yields less collapsed, more coverage-enhancing rea-
soning behavior than standard GRPO, together with
a sharper decision boundary.

Across multiple mathematical benchmarks,
AMIR-GRPO consistently improves reasoning-
focused post-training over strong GRPO baselines.
Models trained with AMIR-GRPO achieve higher
accuracy, exhibit clearer separation between cor-
rect and incorrect trajectories, and show reduced
response-length bias. Our analysis suggests that
standard GRPO mainly reweights the base model’s
existing reasoning modes, whereas AMIR-GRPO
better preserves diversity while increasing align-
ment with high-quality chains. Notably, AMIR-
GRPO expands effective competence: rather than
only redistributing probability over already-solved
instances, it solves additional problems that remain
unsolved by both the base model and a tuned GRPO
model.
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2 Methodology

2.1 Preliminaries

GRPO is a PPO-style algorithm that enables value-

free policy learning through group-relative credit

assignment. For each query ¢, the behavior policy

mg,, samples a group of G candidate responses

{0:}€ | with scalar rewards {r;}< ,. The normalized

intra-group advantage for response i is defined as
j=1

sd( ()%, )

which is then shared across all tokens along its
trajectory. Using these advantages, GRPO max-
imizes the clipped surrogate objective in Eq. (1).
The expectation in Jgrpo(60) is taken over queries
g and response groups {0,-}iG:1 generated by the
behavior policy . For each response o;, the ob-
jective averages over token positions ¢ and applies
PPO-style clipping to the importance ratio

ng(0ir | q,0i <t)
ﬂeold(oi,t | q, 0i,<l)

within the interval [1 — g, 1 + ], scaled by Ai,t.
This retains PPO’s trust-region-like behavior while
replacing a parametric critic with group-normalized
rewards.

GRPO further adds an explicit KL regularization
term between the current policy g and a refer-
ence policy m.r, weighted by vy in Eq. (1). The
corresponding divergence is estimated at the token
level using the non-negative, unbiased Monte Carlo
estimator of Schulman (2020):

A r; — mean({rj}G

Ajs

Dxv(7g || meer) = riye —logri s — 1

where

ﬂref(Oi,z | g, 0i,<t)

Tit =

7T6(0i,t | g, 0i,<t)
DPO trains a target policy my to match human
preference judgments while remaining close to a
fixed reference policy mr. Training proceeds in
two stages. For each query ¢, we first sample a
pair of candidate completions yi, yo» ~ Tret(- | q)
from the reference policy and obtain a human label
indicating which completion is preferred. This
yields an offline preference dataset

D ={(¢?, . y")}

s Vp > Vr
where yl(,i) and yfi) denote the preferred and rejected
responses to the i-th query, respectively. Given D,
the frozen reference policy mf, and a scale pa-
rameter 8, DPO optimizes 7y by maximizing the

N
i=1



(o=  ( @B )

v 9
N
il

~ GRPO

% L \ @ i . Advantages Objective

&

. — 5\ 7 ~
Policy Rollouts Reward Scalar A . X Joint
Query Model Generation Verification Rewards 1S A Flt{;alal'-.lie Objectives
X iltering
o . o I
All Reward Implicit Preference
\ Pairs ) {reference Sey Objective

Figure 1: End-to-end training pipeline of AMIR-GRPO.
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objective Jppo in Eq. (2). Foreachtriple (g, yp, y:),  yond what a single scalar advantage can express
the argument of the logistic function o (+) is the 8-  and leading to stronger suppression of consistently
scaled difference between the log-likelihood ratios ~ poor reasoning paths.

of the preferred and rejected completions, both mea- For each (i, /) € S(g) we treat o; as preferred

sured relative to 7r. Maximizing Jppo therefore  an4 o ; as rejected, and introduce the DPO-style
upweights preferred responses and downweights logit

rejected ones, while (8 acts as a temperature-like hy-
perparameter that controls how far 7 is allowed to
move away from 7y to fit the observed preferences,  Where {o(q,0) and fief(q, 0) denote the length-
balancing preference alignment against proximity ~ normalized log-probabilities of completion o under

zi,;(0) = ,BDPO[(K()(%Ui) = bei(q,00)) — (Co(q,07) — bees(q, Oj))]

to the reference model. the current and reference policies, and Sppo is a
temperature. The associated preference regularizer

2.2 AMIR-GRPO is

AMIR-GRPO augments GRPO by leveraging rela- Tpeet (0) = Bigi.jy~s | log o (zi,;(0))]

tive supervision within each rollout group. Rather ~ where S = (q,1, j) | (i, j) € S(q) is the union of

than treating rewards as isolated scalars, we inter-  all per-query preference sets. In practice, for a mini-

pret their within-group ranking as implicit pairwise ~ batch of queries we approximate this expectation by

feedback and use it to refine the policy update.  a simple average over all mined pairs in the batch

Figure 1 provides a schematic of AMIR-GRPO: 1

group-wise rewards induce an implicit preference Tpret (0) 4 1S(9) Z . Z log (2,1 (6)

set, which is enforced by a DPO-style contrastive o 7 (.j)eS(q) )

term and optimized jointly with GRPO. so that maximizing et €ncourages the policy to
Given a query ¢ ~ P(Q), GRPO samples a assign higher log-probability to preferred comple-

. . tions than to rejected ones, with an effective margin
group of G completions {0;}¢  with scalar re- ) ’ g

i=1
wards {ri}gl. A naive construction would include controlled by Speo-

all ordered pairs, yielding O(G?) preferences per The overall AMIR‘GRPO opjective augments
group. To discard near ties and retain only reliable the standard GRPO loss with this preference term:

comparisons, we define the implicit preference set IaMIR-GRPO(0) = JGrPO(0) + Areg Tpret(6)

S(q) = {(. /) |r i > 7j, T =71 > 6} where A, > 0 scales the contrastive regularizer.
where 0, > 0 is a reward margin. Each completion = To avoid underusing the preference signal or letting
may participate in multiple comparisons, so the it dominate the GRPO objective, we adapt A,
information within each group of rollouts is ex-  online to maintain a stable ratio between their con-
ploited more thoroughly. In particular, low-reward  tributions. Specifically, after computing the GRPO
completions appear repeatedly as the negative side  loss and the contrastive preference loss on each
of the comparison, amplifying their influence be-  mini-batch, we track the regularizer’s relative con-
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tribution to the GRPO objective and adjust A g mul-
tiplicatively to keep this ratio within [0.30, 0.70].
When the preference term is underrepresented, Aeg
is increased; when it becomes too dominant, Aee
is reduced. This prevents the model from drifting
toward pure preference fitting while preserving a
consistent preference-guided learning signal.

3 Experimental Setup

3.1 Datasets

Our models are trained on the training split of
GSMB8K (Cobbe et al., 2021), a benchmark of grade-
school word problems designed to probe multi-step
mathematical reasoning.

For evaluation, we employ a broad suite of math-
centric benchmarks: the GSMS8K test split (Cobbe
et al., 2021), the 2025 American Invitational Math-
ematics Examination (AIME 2025) (Zhang and
Math-Al, 2025), OlympiadBench (He et al., 2024),
AMC23 (math-ai), Minerva (Lewkowycz et al.,
2022), AQUA-RAT (Ling et al., 2017), and Live-
MathBench (Liu et al., 2025a). Collectively, these
datasets span diverse difficulty levels and problem
formats, allowing us to assess generalization beyond
GSMSK and robustness under more challenging
mathematical settings.

3.2 Training Protocol

We evaluate our approach by fine-tuning Qwen2.5-
Instruct (3B and 7B) (Qwen et al., 2025) and
Gemma3-it (4B) (Team et al., 2025) under a uni-
fied training configuration, comparing the standard
GRPO objective with our AMIR-GRPO variant.
We apply LoRA with rank 16 and scaling factor
a = 16, a maximum sequence length of 2048 to-
kens, a learning rate of 5 x 107, and the AdamW
optimizer, and use a completion group size of 8.
The reward functions provide the learning signal
for our policy optimization. We employ three com-
plementary components: (i) a correctness reward
that verifies whether the final prediction matches
the ground-truth answer, (ii) a format reward, which
encourages adherence to the prescribed structured
output format; and (iii) a calibration reward, which
incentivizes well-calibrated confidence estimates.
A trustworthy prediction system should produce
confidence scores that are calibrated, i.e., the re-
ported confidence should coincide with the true
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probability that the prediction is correct. To opera-
tionalize this, we use a Verbalized Confidence proto-
col (Tian et al., 2023): for each question—response
pair, the model is prompted to output both an an-
swer and an explicit confidence value g € [0, 1].
We then calibrate this score by minimizing a strictly
proper scoring rule L with respect to the binary cor-
rectness indicator a € {0, 1}; in expectation, S is
uniquely minimized when the reported confidence
matches the true success probability p(a = 1):

Ea~p(a) [L(P(a), a)] < Ea~p(a) [L(CI, a)]

In our implementation, we instantiate S as the
Brier score (Glenn et al., 1950):

L(g.a) = (a -q)*
where a € {0, 1} indicates correctness. The result-
ing calibration reward is defined as its complement,
1 — L(q, a). The overall reward R is then given by
a weighted sum of the three components:

_ 1
R = Weorr Tcorr + Wimt Fmt + Wealib Fcalib

We selected the reward weights and preference-
construction threshold from the semantics of the
reward decomposition. Appendix B.1 provides the
full rationale for the reward weights and margin.

3.3 Evaluation Metric

Conventional evaluation protocols aggregate scores
from greedy decoding or nucleus sampling (Holtz-
man et al., 2020), thereby reflecting only average-
case behavior. This can underestimate a model’s
true capability: a system may fail on a difficult in-
stance under a small sampling budget even though
additional samples would yield a correct solution.
To address this, we adopt the Pass@ k metric.

A naive computation of Pass@k from exactly &
samples per problem suffers from high variance. We
therefore employ the unbiased estimator introduced
by Chen et al. (2021), which measures, for a given
question ¢, the probability that at least one correct
solution appears among k sampled generations:

n—cq

(") ]
(x)
where 7 is the total number of generations produced
for question g, and ¢, is the number of correct
generations among them. Consequently, Pass@k

Pass@k = E, |1 -

UIn our experiments (Weorr, Wemt, Wealin) = (2.0, 0.9, 1.0)



Dataset k  Qwen2.5-3B-Instruct Qwen2.5-7B-Instruct Gemma-3-4B-it
1 83.6 — 83.4 (02 90.4 — 90.2 (02) 86.2 — 86.4 +02
GSMS8K 2 90.2 — 89.9 03 94.6 — 94.3 (03 90.3 — 90.7 0.4
4 93.6 — 93.4 02) 96.4 — 96.2 02 92.8 — 93.2 (+0.9)
1 0.8 = 2.1 1.3 4.2 —> 5.8 16 3.7 — 5.8 21
AIME25 2 1.7 - 4.2 (25 7.5 — 9.6 1) 4.9 — 8.7 a8
4 3.3 583 us0) 12.1 - 13.8 117 5.9 — 124 65
1 26.4 — 27.0 (06 36.2 > 36.4 02 22.2 — 22.7 05
OlympiadBench 2 33.8 > 34.5 07 43.6 — 43.7 o 27.3 — 28.1 03
4 40.9 — 424 15 50.5 = 50.6 -0.1) 31.6 = 33.0 +1.4
1 30.9 — 32.8 (19 45.0 — 47.8 28 29.4 — 35.0 ¢+s.6
AMC23 2 40.5 — 43.2 +27 55.4 > 60.9 55 354 — 41.8 (464
4 523 = 53.5 12 63.7 = 73.1 +9.49) 39.2 — 48.2 (9.0
1 252 — 26.3 +1.1 35.2 = 35.9 o) 20.9 — 21.9 10
MinervaMath 2 32.6 = 33.7 +11 41.6 > 42.8 112 26.9 — 28.3 14
4 38.9 — 40.3 (1.4 46.5 — 48.4 +1.9) 32.3 = 33.7 14
1 52.6 — 54.0 (+1.9 59.0 = 60.0 :1.0) 50.8 = 51.9 +11
AQUA-RAT 2 61.0 = 62.0 (1.0, 66.0 = 66.5 (+0.5) 56.4 — 57.5 1)
4 66.7 — 67.3 (0.6 70.4 — 70.8 -0.4) 61.4 — 62.3 09
1 19.0 — 23.1 s41 27.4 — 30.2 -2 13.9 — 15.8 ¢+19)
LiveMathBench 2 24.1 — 31.6 ¢+75 34.5 — 384 .39 174 — 19.0 ¢-16)
4 27.3 — 39.2 (119 41.7 — 45.1 3.4 20.9 — 22.1 12

Table 1: Comparative performance on math benchmarks.
Numbers are reported in %; Cells are formatted as GRPO
— AMIR-GRPO (+gain).

corresponds to the expected fraction of questions
for which at least one of the k sampled generations
is correct.

Unless stated otherwise, we fix n = 8 generations
per question and report Pass@k for k € {1,2,4}.2

4 Results and Analysis

Table 1 summarizes the main results. Across all
evaluated values of k, AMIR-GRPO consistently
improves out-of-distribution generalization while
maintaining GRPO-comparable performance on
the in-distribution GSM8K benchmark, yielding
a robust balance between accuracy at small k£ and
exploration at large k.

These findings support our core claim: implicit-
preference regularization provides richer supervi-
sion at no additional data cost, increasing the value
extracted from existing datasets. Appendix B de-
tails the training dynamics, while Appendix A
provides the full prompt template.

4.1 Bppo Sensitivity

In the AMIR-GRPO objective, Sppo acts as a tem-
perature for the DPO-style contrastive preference
regularizer Jprer(6), controlling the effective mar-
gin by which the policy distinguishes high- from
low-reward completions. Adding Jprer(6) consis-
tently improves performance, but the magnitude of
the gain is sensitive to Sppo and is jointly governed

2Generations are sampled with temperature 0.6 and top-p
sampling with p = 1.0.
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by the base model’s capacity, initial competence
and the dataset’s difficulty.

For small, initially weak models (e.g., Qwen-3B),
smaller Bppo is preferable: limited capacity makes
them prone to high-variance preference gradients,
so a gentle contrastive signal stabilizes training and
prevents Jprer from dominating the core Jgrpo term.
Larger models with higher capacity but similarly
low initial competence (e.g., Qwen-7B) tolerate
stronger alignment pressure and typically peak at
moderate Sppo , where the induced margin is deci-
sive without becoming overconfident. For already
strong base models (e.g., Gemma-4B), higher Sppo
tends to be more beneficial.

Even within a fixed architecture, the optimal
value remains dataset-dependent. For our 7B pol-
icy, a moderate Sppo performs best on average, yet
the most demanding benchmarks (e.g., AIME25 and
LiveMathBench) favor larger settings—suggesting
that a wider preference margin helps capitalize
on subtle reward differences in complex regimes.
Overall, these results underscore the need to tune
Bppo jointly to the model and data to fully unlock
AMIR-GRPO’s alignment benefits; the correspond-
ing trends are summarized in Figure 2.

4.2 Are RL Reasoning Paths Truly Novel?

A recurring question in RL-based reasoning is
whether performance gains stem from truly novel
reasoning trajectories or from reweighting trajec-
tories that were already plausible under the base
model. Yue et al. (2025a) study this by analyzing
conditional perplexity of generated responses and
conclude that reinforcement learning largely sharp-
ens probability mass around pre-existing modes
rather than discovering fundamentally new reason-
ing patterns. In the same vein, we examine how
AMIR-GRPO reshapes the distribution of reasoning
chains relative to GRPO, using perplexity as a diag-
nostic of how well a sampled rollout is supported
by the very policy that generated it.

Formally, for a model m, a problem x, and a
response Y = (y1,...,yr) of length T tokens, we
define conditional perplexity as the exponentiated
average negative log-likelihood of Y under m (Yue
et al., 2025a):

T
1
PPL,y(Y | x) = exp|~= D 10g P (e [ 2,31, ye1)

t=1
Lower values of PPL,,(Y | x) signify that Y lies
deeper in high-density regions of m’s conditional
distribution, i.e., a more self-consistent and strongly
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Figure 2: Impact of Sppo across datasets. Values indicate APass@k relative to the GRPO baseline.
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Figure 3: Comparison of reasoning-trajectory perplexity on an AMC23 question.

supported trajectory.

Using Gemma-4B, we analyze six AMC23 prob-
lems randomly selected from two pre-filtered strata:
jointly solvable instances, where both tuned models
(GRPO and AMIR-GRPO) consistently produce
correct chains of thought across samples, and jointly
unsolved instances, where all sampled trajectories
are incorrect for both models. For each problem
and each model, we sample 16 rollouts and com-
pute PPL,,(Y | x) under the same model m that
generated Y. Figure 3 demonstrates the resulting
distributions. As expected, jointly unsolved prob-
lems exhibit higher perplexity than jointly solvable
ones, reflecting the greater challenge of generating
chains that are internally supported in this regime.

Across both panels, GRPO typically produces
tighter boxes with shorter whiskers, suggesting
that it samples from a comparatively narrow band
of rollouts that are similarly likely under its own
policy—consistent with a more sharply mode-
concentrated trajectory distribution. In contrast,
AMIR-GRPO generally matches or slightly im-
proves the median perplexity relative to GRPO,
while exhibiting a wider interquartile range and
longer whiskers. In other words, AMIR-GRPO
often includes rollouts that are as self-likely as
GRPO’s typical samples (low perplexity), yet it
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also permits a nontrivial fraction of trajectories that
the policy itself assigns lower probability (higher
perplexity).

Because perplexity is evaluated under the gen-
erating model, variation in PPL,, directly reflects
how peaked the policy is over the trajectories it
actually produces. GRPO’s tight clustering is con-
sistent with strong RL-induced sharpening: once
a small set of high-reward trajectories is identi-
fied, probability mass concentrates around a narrow
mode, making most sampled chains uniformly high-
likelihood under the GRPO policy. AMIR-GRPO
retains some of this sharpening—its medians are
frequently comparable or lower—but its regulariza-
tion term curbs excessive collapse. The resulting
distribution is effectively tempered: AMIR-GRPO
can prioritize effective reasoning patterns (low me-
dian perplexity) while sustaining a thicker tail and
broader interquartile range (greater trajectory di-
versity). This behavior is the expected signature
of a regularized objective: it shifts mass toward
stronger chains without extinguishing alternative,
lower-probability reasoning paths that support ex-
ploration and coverage.

4.3 Solvable Problem Space

To further investigate whether RL training truly en-
larges the set of solvable tasks or primarily reweights



trajectories already available to the Base model
(Qwen-3B). On AMC23, we define a question as
solvable if at least one of 16 sampled rollouts yields
the correct answer, and compare solvable sets across
the Base model and its GRPO- and AMIR-GRPO-
trained variants. As summarized in Table 2, 70.6%
of solvable questions lie in the intersection of all
three systems, revealing a substantial shared core
of problems that remain accessible regardless of
the downstream objective. This overlap suggests
that a large portion of the observed RL gains stem
from reshaping probability mass over trajectories
that were already realizable under the Base model,
rather than from discovering entirely new modes of
reasoning.

The remaining problems, however, highlight a
clear contrast between the two RL objectives. Only
2.9% of solvable questions are handled by the Base
model and the standard GRPO variant but not by
AMIR-GRPO, and there are no questions uniquely
solved by GRPO when both the Base and AMIR-
GRPO fail. By contrast, AMIR-GRPO delivers a
nontrivial expansion of coverage: 11.8% of solv-
able problems are addressed jointly by the Base and
AMIR-GRPO but missed by GRPO, and an addi-
tional 8.8% are solved exclusively by AMIR-GRPO
when both the Base and GRPO fail. Very few prob-
lems (2.9%) are solvable only by the Base model,
indicating that neither RL configuration catastroph-
ically erodes the Base model’s capabilities.

Base GRPO AMIR-GRPO | Coverage
v Ve v 70.6%
v v X 2.9%
v X v 11.8%
v X X 2.9%
X v v 2.9%
X v X 0.0%
X X v 8.8%
X X X 0.0%

Table 2: Coverage of solvable AMC23 problems.

4.4 Sharper Margins, Stronger Reasoning

On Gemma-4B evaluated on LiveMathBench, we
analyze a post-hoc preference margin defined as the
per-problem difference between the mean length-
normalized log-probability assigned to correct ver-
sus incorrect completions. This scalar margin is
positive when the model, on average, assigns higher
per-token likelihood to correct reasoning trajecto-
ries than to incorrect ones. Figure 4 shows that both
GRPO and AMIR-GRPO achieve positive margins,
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but AMIR-GRPO yields a noticeably larger aver-
age margin (X 2.7) compared to GRPO, indicating
a sharper and more confident separation between
correct and incorrect solutions in probability space.

-0.02

Length-normalized log(P) Margin

-0.04

AMIR-GRPO GRPO

Figure 4: Preference margin separation.

4.5 Dissection of Reasoning Failures

We go beyond accuracy to characterize how models
fail, conducting a fine-grained error analysis on
AMC?23. For each problem, we sample 16 rollouts
from Qwen-7B and convert every solution into a
stepwise form by segmenting it into numbered rea-
soning steps. For each incorrect rollout, we identify
the first erroneous step? and assign an error label
using our task-specific taxonomy (Appendix E). La-
bels are initially proposed by GPT-5 (OpenAl, 2025)
and then manually audited to ensure consistency
and avoid systematic misclassification.

Calculation
Conceptual 45.9%
Reasoning

Modeling

Constraint

GRPO
= AMIR-GRPO

Misinterpretation

30 a0 50

Figure 5: Error distribution.

Figure 5 summarizes the resulting error-type
distribution, revealing the most prevalent failure
modes. Complementarily, Figure 6 examines where
breakdowns occur within the reasoning chain. For
each incorrect solution, we compute a relative error
position* and estimate a smoothed density over all
failures. This tests whether errors tend to arise early
(problem interpretation/formulation), mid-chain (in-
termediate inference), or late (final execution).

Comparing GRPO to AMIR-GRPO, Figure 6
shows a clear shift: AMIR-GRPO fails less fre-
quently at both the start and the end of the
chain. This suggests that AMIR-GRPO reduces

3the earliest point at which the reasoning irreversibly de-
parts from a valid solution
4(step index)/(number of steps)
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Figure 6: Failure locality density.

formulation-related errors (early-stage) and answer
realization errors (late-stage), implying that its im-
provements reflect not only a higher success rate
but also a systematic change in where reasoning
tends to break when it fails.

4.6 Cross-Variant Integratability

Our approach is designed to integrate seamlessly
with other GRPO-family variants, including GSPO
(Zheng et al., 2025), offering robust compatibility.
Notably, it delivers consistent gains across a wide
suite of benchmarks, as reported in Table 3.

Dataset

Qwen2.5-7B-Instruct

Pass@1

Pass@2

Pass@4

GSM8K 90.3 > 90.5 (+0.2)  94.3 — 94.3 (+0.0) 95.8 — 96.0 (+0.2)

AIME25 3.7 - 7.1 (+34) 7.1 > 105 +3.4) 129 > 14.3 (+1.4)

AMC23 45.6 - 47.5 (+1.9)  56.5 — 59.7 (+32) 66.2 — 70.1 (+3.9)

MinervaMath 35.0 - 35.5 (+0.5) 41.5 > 41.9 (+0.4) 46.2 — 47.5 (+1.3)

AQUA-RAT 60.2 = 61.0 (+0.8) 67.0 — 67.7 +0.7) 71.3 — 71.8 (+0.5)
)

LiveMathBench 29.1 — 33.2 (+4.1) 37.6 — 41.3 +3.7) 47.2 — 50.0 (+2.8)

Table 3: Comparative performance on benchmarks.
Cells are formatted as: GSPO — AMIR-GSPO (+gain).

5 Related Work

RL has become a key driver of improved reasoning
in LLMs. While PPO remains the standard choice,
its actor—critic design requires a value network
roughly the size of the policy, sharply increasing
memory and compute (Schulman et al., 2017). This
overhead has motivated critic-free, group-based al-
ternatives that avoid explicit value estimation by
exploiting relative rewards across multiple comple-
tions of the same prompt.

GRPO substitutes the explicit critic with a nor-
malized reward baseline, delivering stable updates
without an auxiliary value model (Shao et al., 2024).
Subsequent variants refine how group-relative sig-
nals are computed and normalized. Dr.GRPO drops
token-level averaging and reward normalization to
mitigate length- and difficulty-induced optimization
bias (Liu et al., 2025b). GPG similarly normalizes
by the group mean to temper gradient variance with
minimal overhead (Chu et al., 2025).

A complementary line of work focuses on where
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group-relative objectives act along the sequence and
how they are adapted to long chain-of-thought (CoT)
reasoning. GSPO lifts importance sampling and
clipping from the token level to whole sequences,
improving stability while retaining group-relative
rewards (Zheng et al., 2025). SAPO replaces hard
PPO-style clipping with a smooth, temperature-
controlled trust region, yielding less brittle and
more adaptive updates (Gao et al., 2025). TreeRPO
extends GRPO to tree-structured reasoning by
assigning group-relative rewards at intermediate
nodes, converting sparse trajectory-level feedback
into denser step-wise signals (Yang et al., 2025).
DAPO introduces clip-Higher to preserve diversity
and prevent entropy collapse, dynamic sampling
to improve efficiency and stability, a token-level
policy-gradient loss adapted to long sequences, and
overlong reward shaping to suppress noise from
excessively long outputs (Yu et al., 2025). Revisit-
ing value-based designs, VAPO proposes a value-
centric framework with length-adaptive generalized
advantage estimation, improving advantage accu-
racy and stability while integrating several prior
optimization refinements (Yue et al., 2025b).

Our method moves beyond GRPO variants
that mainly adjust value modeling. We preserve
GRPO’s critic-free core and add an implicit prefer-
ence objective defined directly from group rewards.
This yields richer supervision at zero additional
annotation cost, and integrates cleanly with GRPO-
family extensions (e.g., GSPO).

6 Conclusion

This work identifies limitations of GRPO, showing
that the standard formulation fails to fully exploit
the within-group ordering present in rollout batches.
We propose AMIR-GRPO, which augments GRPO
with an implicit preference objective induced by
groupwise rankings, while leaving the data collec-
tion pipeline unchanged. Across a spectrum of
math-reasoning benchmarks, from school-level to
Olympiad-level tasks, AMIR-GRPO consistently
outperforms standard GRPO at a reasonable and
affordable computational cost. Our analysis further
indicates that the method sharpens decision bound-
aries and expands the set of solvable instances,
rather than simply amplifying existing trajecto-
ries. Taken together, these results suggest that
making implicit preference structure explicit in
group-based RL provides a simple, scalable mecha-
nism for strengthening reasoning supervision.



Limitations

Although AMIR-GRPO demonstrates strong em-
pirical performance in our experiments, several
limitations remain. First, we assess the method ex-
clusively on text-based benchmarks. Accordingly,
our conclusions are confined to textual reasoning;
extending AMIR-GRPO to other modalities (e.g.,
code or vision—language reasoning) remains an
important avenue for future work, where reward
design, noise profiles, and failure modes may differ
from those in purely textual tasks.

Second, whereas much prior work on long-
horizon, verifiable reasoning focuses mainly on
mathematical benchmarks (Nan et al., 2025; Zhu
et al., 2025), we adopt a broader view by evaluating
a wider range of math reasoning benchmarks than
is typical. Even so, our evaluation still reflects a
single stylistic regime. Broadening the study to
additional reasoning domains—including common-
sense (Sprague et al., 2024), cultural reasoning
(Yari and Koto, 2025), and open-ended instruction
following (Dussolle et al., 2025)—would better
establish how general AMIR-GRPO’s gains are
under qualitatively different training signals and
evaluation criteria.

Finally, our current formulation relies on
trajectory-level outcome rewards without explicit
process rewards or fine-grained credit assignment
to intermediate reasoning steps. While this design
choice simplifies the training pipeline, it may limit
the algorithm’s ability to correct early-step errors or
to exploit partially correct reasoning traces. Com-
pared with purely binary or final-answer rewards,
incorporating richer intermediate signals to guide
the reasoning trajectory could improve exploration
efficiency and more precisely steer the model toward
promising solution paths.
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A Prompt Templates

We provide the prompt templates used in our exper-
iments.

A conversation between User and Assistant.
The user asks a question, and the Assistant
solves it. The Assistant first thinks about the
reasoning process in the mind, provides the
user with the final answer, then analyzes its
confidence about the solution and provides
the user with its confidence level.

The confidence level is a number between
0 and 1 (inclusive) enclosed within <confi-
dence> </confidence> tags.

The final answer is enclosed between <an-
swer> </answer> tags.

The analysis about confidence and uncertainty
is enclosed within <analysis> </analysis>
tags.

The Assistant should reason about its confi-
dence in the solution and its uncertainty in the
solution within these tags.

The final format that must be followed is:
<think> reasoning process here </think>
<answer> \boxed{final answer here} </an-
swer>

<analysis> analysis about confidence and un-
certainty here </analysis>

<confidence> confidence level here (number
between 0 and 1) </confidence>

B Training Dynamics

Figure 7 summarizes the training dynamics of our
models. Across all settings, AMIR-GRPO attains
consistently lower Brier scores than vanilla GRPO,
indicating better-calibrated confidence and a more
trustworthy approach.

Its effect on response length is not uniform; it
depends on the base model’s capacity and initial
competence, and acts as an adaptive regularizer that
counterbalances GRPO’s intrinsic bias. For low-
capacity, low-competence models (Qwen-3B), it
behaves like a pruning operator, sharply shortening
outputs by suppressing long, low-reward halluci-
nations that GRPO’s diluted scalar penalty fails
to eliminate. Conversely, for competent models,
AMIR-GRPO acts as a policy protector, preventing
the detrimental brevity bias from compromising
necessary reasoning depth. Specifically, it unshack-
les latent capacity in high-capacity, initially weaker
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models (Qwen-7B), allowing them to articulate
the full Chain-of-Thought required for task mas-
tery, thereby increasing length. Simultaneously,
it stabilizes high-competence policies (Gemma-
4B), preserving the robust structure of existing
high-quality reasoning against GRPO’s pressure
to enforce premature token efficiency, which oth-
erwise risks policy collapse. Thus, AMIR-GRPO
provides an essential adaptive control: it curtails
length only where it signifies policy error, yet pre-
serves or expands it where it is indispensable for
solution fidelity.

B.1 Hyperparameter Rationales

We choose the key hyperparameters from the seman-
tics of the reward decomposition, rather than tuning
them post hoc to favor AMIR-GRPO. As described
in Section 3.2, the reward combines correctness,
formatting, and calibration terms with weights

(Wcorr, Wimt, Wcalib) = (2-0’ 0.9, 1-0)

This weighting reflects the objective hierarchy of
mathematical reasoning: correctness is the pri-
mary goal, while formatting and calibration serve
as secondary regularizers. Since correctness con-
tributes more than half of the maximum reward,
well-formatted or well-calibrated but incorrect re-
sponses cannot be treated as desirable. Moreover,
GRPO and AMIR-GRPO use the same reward struc-
ture, so the observed gains cannot be attributed to
reward reweighting.

The preference margin is set to 2.0 directly from
the reward design. The maximum reward is

20+09+1.0=39

while formatting and calibration together can con-
tribute at most 1.9. Thus, any response with reward
at least 2.0 must include the correctness reward,
whereas an incorrect response cannot exceed 1.9.
The margin therefore provides a natural and unam-
biguous separation between desired and undesired
samples, reducing label noise.

C Response Length Characteristics

To quantify response-level length bias, we sample
16 rollouts per query from Qwen-3B on AIME25
and Qwen-7B on AMC23 after fine-tuning with
GRPO or AMIR-GRPO. For AIME?2S5, incorrect
Qwen-3B trajectories average 747.7 tokens with
GRPO versus 738.9 tokens with AMIR-GRPO. On
AMC?23, the corresponding averages for Qwen-7B
are 781.4 and 759.4 tokens. These shorter low-
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Figure 7: Training behavior

reward trajectories under AMIR-GRPO support
our claim that it mitigates response-level length
bias by amplifying negative gradients on long,
low-reward trajectories, thereby increasing their
effective penalty.

D Memory Footprint Analysis

Figure 8 indicates that AMIR-GRPO incurs only a
slight GPU memory overhead relative to standard
GRPO. Peak consumption increases by 3.0 GiB for
Qwen-7B, 3.0 GiB for Gemma-4B, and 4.9 GiB
for Qwen-3B, corresponding to average temporal
overheads of just 11.4%, 9.1%, and 37.5%, re-
spectively. Consequently, the memory footprint of
AMIR-GRPO remains essentially comparable to
that of GRPO.

of GRPO vs. AMIR-GRPO.
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Figure 8: GPU memory footprint.
E Error Taxonomy

We adopt a high-coverage error taxonomy tailored
to the systematic diagnosis of failures in automated
mathematical problem solving. The framework is
intentionally diagnostic: each label corresponds to a
distinct failure mode, enabling targeted, actionable
remediation. The taxonomy spans the key stages
of a solution pipeline—problem formulation, core
inference, and answer realization—so that errors
can be localized to where they arise.

The taxonomy includes the following categories:
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. Calculation error. Incorrect arithmetic or
algebraic manipulation despite an otherwise
correct setup.

. Conceptual error. Use of an inappropriate the-
orem, formula, definition, or overall strategy.

. Reasoning error. An invalid logical step, un-
supported inference, missing case analysis, or
circular argumentation.

. Modeling error. Incorrect formalization (e.g.,
variable definitions, equations/constraints, rep-
resentations, or case structure).

. Constraint error. Failure to enforce do-
main/feasibility constraints or to eliminate
extraneous solutions.

. Prompt misinterpretation. Misreading the
question or misconstruing given quantities,
conditions, or objectives.

. Format error. Correct reasoning but an incor-
rect final answer presentation, or noncompli-
ance with the required output format.

. Other. Instances not covered above.
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F Case Analysis

© Problem: AMC23 Q6

Consider the set of complex numbers z satisfying |1 + z + z?| = 4. The maximum value of the
imaginary part of z can be written in the form ‘/n—ﬁ, where m and n are relatively prime positive

integers. What is m + n?

&) Model Output (Qwen-7B;rpo)

To solve this problem, let’s start by expressing z as z = x + yi, where x and y are real numbers, and
i is the imaginary unit. We need to find the maximum value of y such that |1 + z + 7| = 4.
First, compute 1 + z + z%:
l+z+22=1+@x+y)+ @ +y)?=(1+x+x>—y?) + (y + 2xy)i.
The magnitude of this complex number is given by:
1+z+27 = V(1 +x+x2 - y2)2 + (y +2xy)% = 4.

We want to maximize y. To do this, we can use symmetry and geometric interpretation. Consider
the points on the complex plane where the condition holds. One useful approach is to consider
specific values of x and y that might simplify the expression.

Let’s try x = —%. Then:

1 1 3
1+z+2% = 1 +y2 + (y = E) i (wrong simplification) — 1+z+ 2? = 1 y2

) 1 22 1\2
[1+z+z°| = Z+y +y—§ =4.

2 2
I, 1
-+ +|(y—-=] =16.
[g+7) +b-3)

Letu=y- % then y = u + % Substitute y in the equation:
2\ 2

1 1
(Z+(u+§) ) +M2:16.

By trial and error or solving the quadratic, we find that the maximum value of y is \/TB This can
be verified by checking the discriminant and solving the quadratic equation.

So,

Simplify the equation:

Thus, the maximum value of the imaginary part of z is @ Here,m = 15andn =2,som+n = .

&b Model Output (Qwen-7B s\ 1r.GRPO)

To solve this problem, let’s start by expressing z in its general form as z = x + yi, where x and y are
real numbers, and i is the imaginary unit. We need to find the condition |1 + z + 7| = 4.
First, we calculate z>:

22 = (x + yi)? = x* — y? + 2xyi.

Then, we substitute z and z> into the expression 1 + z + z%:

l+z+22 =1+ (x+yi)+ 2 —y2+2xy) = (1 +x+ x> — y») + (v + 2xy)i.
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The magnitude of this complex number is given by:
11+ z+27| = V(1 +x+x2 = y2)2 + (y +2xy)% = 4.
Squaring both sides, we get:

(L+x+x2—y)% + (y+2xy)? = 16.

To find the maximum value of the imaginary part y, we need to analyze the equation. One effective
approach is to consider specific values of x and y that might simplify the equation. Let’s try x = —1.

2
Then the equation becomes:

So the equation simplifies to:

2
3 2
- — =16
()

Taking the square root of both sides, we get:

3_ 2

— -y~ =4

77
This gives us two cases: 1. % — y? = 4, which is not possible since 43'1 -4 = —%. 2. % - y2 = -4,

which simplifies to:

SO

V19

The maximum value of y is 5=. Therefore, m = 19 and n =2, and m + n = 21.

Thus, the answer is:.

Case 1: GRPO: failure vs. AMIR-GRPO: success

© Problem: AIME25 Q1

In AABC points D and E lie on AB so that AD < AE < AB, while points F and G lie on AC so
that AF < AG < AC. Suppose AD =4, DE =16, EB =8, AF =13, FG =52, and GC = 26.
Let M be the reflection of D through F, and let N be the reflection of G through E. The area of
quadrilateral DEGF is 288. Find the area of heptagon AFNBCEM.

&b Model Output (Qwen-3Bgrpo)

To find the area of the heptagon AFNBCEM, we need to understand how the reflections and the
given areas can help us. First, let’s calculate the total area of AABC.

We know the area of quadrilateral DEGF is 288. Since M is the reflection of D through F and N
is the reflection of G through E, quadrilaterals DM EF and ENGF will each have the same area
as DEGF, which is 288. This means the total area added by these reflections is 576.

[DMEF] = [ENGF] = [DEGF] = 288 (reflection misinterpretation)
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Now, let’s determine the area of AABC. The segments AD, DE, and EB divide AB into three
parts: 4, 16, and 8, making AB = 4 + 16 + 8 = 28. Similarly, the segments AF, FG, and GC
divide AC into three parts: 13, 52, and 26, making AC = 13 + 52 +26 = 91.
Since the area of DEGF is 288 and this quadrilateral is formed by segments of the sides of AABC,
we can use the fact that the area of the whole triangle is the sum of the areas of AADE, ADEG,
AEFG, and AGCF, plus the area of quadrilateral DEGF.
However, a simpler approach is to recognize that the reflections double the area of the quadrilateral
DEGF when considering the whole triangle. Therefore, the area of AABC is twice the area of
AABC minus the area of the reflected quadrilaterals (since they overlap the original quadrilateral).
Thus, the area of AABC is:

Arca of ABC = Area ol AABC ;Area O DEGE | 5 x 288 = 2 x 288 = 576.
The area of the heptagon AFNBCEM is the area of AABC minus the area of the four small
triangles that are not part of the heptagon, which is the area of AADE +AEGF + AFGC+ADME.
Since the area of the four small triangles is the same as the area of AABC minus the area of the
heptagon, we have:

Area of heptagon AFNBCEM = 576 — 288 = 288.
So, the area of the heptagon AFNBCEM is:.

40 Model Output (Qwen-3B s\ r.GRPO)

To solve this problem, we start by finding the total area of triangle ABC. We know the area of
quadrilateral DEGF is 288. First, let’s find the areas of triangles ADE and GEC.

Since AD = 4 and DE = 16, AE = AD + DE = 4 + 16 = 20. Similarly, since AF = 13 and
FG =52, AG =AF +FG =13 +52=65.

We can use the fact that the area of a triangle is proportional to the base if the height from the
opposite vertex is the same. For triangles ADE and GEC, their areas will be proportional to their
bases AE and EC respectively.

Since E divides AB into segments AE = 20 and EB = 8, the ratio AE : AB=20:28=5:7.
Similarly, since F divides AC into segments AF = 13 and FC = 42, the ratio AF : AC =13 :
65 =1 : 5. (inconsistent: FC and AC are wrong)

= AF =13, FG =52, GC=26,=;FC =78, AC =091, A—F = E
AC 91
Now, let’s denote the area of AABC as K. The area of AADE is % . % -K = %K. The area of
AGECis 2 -%-K = £K.
The area of quadrilateral DEGF is the area of AADE plus the area of AGEC plus the area of
ADFE. Since the area of ADFE is the same as the area of ADEG (due to reflections), we have:

Area of ADFE = Areaof ADEG = % X Area of ADEF = % X 288 = 144

Thus, the area of ADEF is 144. Therefore, the area of AADE plus the area of AGEC plus the
area of ADFE is:

1 8
—K+—-K+144=2
7 + 35 + 88
Combining the fractions, we get:
5 8 13 13 35
—K+—-K+144=2 —K+144=2 —K =144 K=144.— =
35 +35 + 88:35 + 88=>35 = 3 360
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So, the area of AABC is 360. Now, we need to find the area of the heptagon AFNBCEM. This
area is the area of AABC minus the areas of AADE, AGEC, and ADFE:

1 8
360 — 7 360 + 5 360 + 144 | =360 — (51.43 +92.57 + 144) = 360 — 288 = 144
However, since the reflections create additional areas, the correct area of the heptagon is:

360 — 288 = 144
Thus, the area of the heptagon AFNBCEM is ."

Case 2: GRPO: failure vs. AMIR-GRPO: failure
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