Tokenization Sets the Measurement Scale for Cross-Lingual Diagnostics

Arij Riabi *

Valentin No€l *

Devoteam

Abstract

Multilingual evaluation treats translated pas-
sages as the same input in different languages,
and increasingly reads an internal diagnostic
off the model while doing so. Tokenization can
make that assumption false before the model
answers, because the same passage occupies
several times as many token positions in one
language as in another, so a fixed window gives
the model different amounts of text and gives
the attention graph behind the diagnostic a dif-
ferent number of nodes. We derive a compara-
bility criterion from the descriptors’ own defi-
nitions: on a parallel corpus the tokenizer sets
the graph order, so a descriptor whose attain-
able range grows with graph order can sepa-
rate languages while measuring segmentation
rather than model computation, and because
those ranges are analytic the criterion can be
checked before any measurement is taken. Re-
playing a standard analysis against the audited
one changes the answer, since most of its sig-
nificant associations do not survive and about
one in five reverse sign. The failures concen-
trate in the descriptors the criterion flags in
advance rather than in spectral descriptors as
such, and the same split appears among inter-
pretability descriptors that use no graph at all.
Applied to high frequency energy over 60 Bele-
bele languages and three tokenizer matched
Llama models, the audit leaves the resource as-
sociated profile varying across depth and with-
draws the stronger readings the raw profiles
invite, among them a stable peak layer, a repli-
cated profile shape, a stable mid-depth effect
and a causal mechanism. The practical con-
sequence is that a cross-lingual comparison
should establish that its measurements are in
comparable units before it reports a difference.

1 Introduction

Multilingual benchmarks often compare translated
items as if each translation were the same input ex-
pressed in another language. That is the right ideal,
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but it is not automatically true inside a language
model. Before the model reasons, the tokenizer
has already decided how much text fits in the con-
text window and how many token nodes an internal
graph diagnostic will see.

The scale mismatch can be large. In our data,
the same passage occupies 136 token positions in
English and 1569 in Burmese. With a fixed to-
ken budget, the English example gives the model
most of the passage while the Burmese example
gives it only a short prefix. With a whole passage
analysis, the diagnostic is computed on graphs of
very different order. The central question of this
paper is therefore not whether a new metric can
separate languages, but whether the metric is being
measured in the same units in the first place.

This input inequality is well documented. Sub-
word vocabularies allocate several times more to-
kens to some languages than to others for identical
content (Petrov et al., 2023; Ahia et al., 2023). Tok-
enizer quality explains a substantial share of mono-
lingual performance gaps (Rust et al., 2021; Ar-
nett and Bergen, 2025). The consequences include
inflated API cost, reduced effective context, and
weaker performance for low-resource languages
(Ahia et al., 2023; Wu and Dredze, 2020; Blasi
etal., 2022). Mitigation work changes the encoding
and evaluates whole model outcomes (Limisiewicz
et al., 2024; Arnett et al., 2025). What remains less
clear is whether internal measurements computed
from translated inputs remain comparable when
tokenization density changes across languages.

Graph signal processing (Shuman et al., 2013;
Ortega et al., 2018) is a useful case because it sup-
plies both the diagnostics and a way to inspect
their units. Each attention layer defines a weighted
graph over tokens, and spectral descriptors sum-
marise how residual stream signals vary over that
graph. Our empirical application focuses on the
high-frequency-energy ratio, HFER, while the au-
dit applies to the broader descriptor family. These
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graph-theoretic readings have already been used to
study rank collapse, over-smoothing and training
free diagnostics (Dong et al., 2021; Shi et al., 2022;
Noél, 2026).

The useful feature is not that the descriptors are
spectral. It is that their ranges are written down.
HFER is a fraction of spectral mass and has the
same range for any N, whereas an entropy over N
modes is bounded by log /N. That difference turns
a loose worry about tokenization into a checkable
criterion. It also exposes a contrast with common
residual stream baselines: effective rank has an
N-dependent ceiling, while residual norm is un-
bounded, so the range criterion makes no promise
about it.

Cross-lingual use of these descriptors is there-
fore not automatic. In many monolingual analyses,
sequence length is a nuisance variable. In a paral-
lel multilingual corpus, sequence length is partly
a property of the tokenizer and therefore part of
the measurement. Our audit first asks whether a
descriptor is on a shared mathematical scale. It
then asks whether the comparison changes under
node refinement and how much source content re-
mains inside a matched token window. Matching
token counts fixes graph order, but it does not make
the inputs equally informative: a fixed budget still
covers much more of a densely encoded translation
than of a heavily fragmented one.

The paper is organised around this measure-
ment problem, and the HFER study is the appli-
cation that stress tests it. We ask three questions:
RQ1: which spectral descriptors remain compa-
rable when token counts differ across languages?
RQ2: after fixing graph order and using within-
family permutation nulls, does the resource associ-
ated HFER profile vary across depth? RQ3: where
do spectral descriptors sit relative to simpler resid-
ual stream baselines? Do they predict modelling
quality better, and if not, what do they provide that
the baselines do not?

This matters most where labelled reasoning
benchmarks are unavailable, do not cover the rel-
evant languages, or leave small base models near
chance: XCOPA (Ponti et al., 2020), for instance,
covers nine of the sixty languages studied here.
The usual response is to build the missing super-
vision (Riabi et al., 2021b), which an unlabelled
audit does not require.

Contributions.
* Audit. We give a comparability audit for cross-

lingual spectral diagnostics, built on a range
based criterion, ceiling normalisation for five
variable range descriptors, a refinement check
and a coverage report. It imposes three con-
straints. Variable-/V descriptors go on a shared
scale, by fixed range or by division by the ana-
Iytic ceiling. Matched-N probes are treated as
coverage limited, with the coverage reported. Re-
source axis claims are tested against nulls that
preserve language family.

* Why it matters. Replaying a standard analysis
against the audited one changes the answer: most
significant associations disappear, and roughly
one in five change direction. The failures con-
centrate in the descriptors that the criterion flags
before the experiment is run. The same split ap-
pears among non-graph interpretability descrip-
tors in the Llama pair, so the problem is not spe-
cific to spectral analysis.

* Artifact. Code, the pre-registration log and the
per-language measurements are released,’ with
every table checked against the recorded results
(Appendix A).

» Application. We apply the audit to HFER in
a tokenizer matched Llama-3.2-1B/3B pair and
a Llama-3.1-8B extension, then repeat the dis-
persion null on two further tokenizer families.
The robust finding is depth heterogeneity of the
resource associated profile. Stronger readings,
such as a specific peak, a stable mid-depth asso-
ciation or equal magnitude across model sizes,
are not supported by the checks.

» Use case. We provide a label free audit for low-
resource evaluation settings and relate it to mod-
elling quality through bits per character and a
task grounded margin. Residual stream base-
lines predict modelling quality better and more
cheaply. The spectral descriptors answer the dif-
ferent question of whether, and at which depths,
a resource association remains once graph order
is controlled.

2 Related Work

Tokenization and cross-lingual disparity. Mul-
tilingual LMs inherit BPE, WordPiece and Senten-
cePiece variants (Webster and Kit, 1992; Mielke
et al., 2021; Gage, 1994; Sennrich et al., 2016;
Schuster and Nakajima, 2012; Kudo, 2018; Kudo

! github.com/vcnoel/tokenization-measurement-scale
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Figure 1: The tokenizer sets the graph order, and the graph order sets what a descriptor can attain. (a) Token
positions per passage against the resource axis, 60 languages, Llama-3.2 tokenizer, content scope, mean in ink
with the per language minimum to maximum range in grey, matched budget in blue. (b) Attainable ceiling g(N)
against graph order, with the observed range of N shaded. (c) Mean within language |r(descriptor, log V)|, content
scope, filled markers for the two Llama models and open markers for BLOOMZ-3B and Qwen2.5-1.5B, descriptors
ordered by the Llama value and split at the criterion of Proposition 1.

and Richardson, 2018), which scale but are not
typologically neutral: they over-fragment some
scripts, underrepresent rare forms and are hard to
adapt (Shao et al., 2018; Amrhein and Sennrich,
2021; Pruthi et al., 2019; Sun et al., 2020; Schick
and Schiitze, 2020; El Boukkouri et al., 2020). Con-
sequences appear in token counts, cost, context and
low-resource performance, and mitigations change
the encoding (Petrov et al., 2023; Ahia et al., 2023;
Rust et al., 2021; Arnett and Bergen, 2025; Wu
and Dredze, 2020; Blasi et al., 2022; Limisiewicz
et al., 2024; Arnett et al., 2025; Clark et al., 2022;
Xue et al., 2022). Riabi et al. (2021a) evaluate the
character level alternative directly, for low resource
and noisy varieties where subword segmentation
is least stable. Zouhar et al. (2023) give Rényi ef-
ficiency as an intrinsic quality measure, which we
use as the treatment. Low-resource status is itself
shaped by artefacts, sociopolitical conditions and
within language variation, and transfer varies with
script, typological proximity and corpus size (Hed-
derich et al., 2021; Nigatu et al., 2024; Bird, 2020;
Hovy and Yang, 2021; Pires et al., 2019; Muller
et al., 2021; Lauscher et al., 2020). Lopetegui
et al. (2025) locate that variation inside a single
language, across Spanish varieties, which is the
scale at which a per language resource proxy stops
resolving. Joshi et al. (2020) supply the taxonomy
behind our resource proxy, and our outcome fol-
lows the compression view (Delétang et al., 2024).

Culture aware multilingual evaluation. Cross-
cultural NLP has warned that language coverage

is not cultural coverage (Hershcovich et al., 2022):
models track values weakly and misrepresent cul-
tures in low-resource settings, and situated adap-
tation makes the same point from the interven-
tion side (Bhatt and Diaz, 2024; AlKhamissi et al.,
2024; Sukiennik et al., 2025; Rao et al., 2025; Bha-
gat et al., 2026; Havaldar et al., 2025; Cao et al.,
2024; Liao et al., 2025; Pandey et al., 2026; Riabi
et al., 2026). We ask a prior question: whether
translated inputs induce comparable internal units
at all.

Graph signal processing (Shuman et al., 2013;
Ortega et al., 2018) supplies our formalism.
Prior work on rank collapse, over-smoothing and
anisotropy (Dong et al., 2021; Shi et al., 2022;
Noél, 2026) all works within a single tokenizer
(Appendix K).

3 Method

3.1 Attention graphs and spectral descriptors

Let A ¢ RV*N denote the head averaged at-
tention matrix at layer £ over N content tokens,
W = 1(A+ AT) its symmetrisation, and D the
corresponding degree matrix. We use the symmet-
ric normalised Laplacian

L =1-D'?wWD /2, (1)

with eigendecomposition L = UAU " and 0 =
A1 < --- < Ay < 2. Taking the residual stream
X0 e RN*d g5 the graph signal, the graph
Fourier transform is X = U X. We consider
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eleven descriptors, of which the principal one is the
high-frequency energy ratio

> oms(1—p)N [ Xm,.|
e
Dt 1 X, |13

the share of signal energy in the top p fraction of
modes, with p = 0.1 throughout.

The eleven descriptors comprise six Laplacian
quantities, two attention quantities and three resid-
ual stream baselines. The key boundary is whether
a descriptor’s attainable range depends on N. Ef-
fective rank, for example, is a residual stream quan-
tity with range [0, min(NV, d)], not a graph statistic.
This is why the largest association in §5.2 is a base-
line result. The complete taxonomy appears in
Appendix E.

2
2

HFER(X) =

@

3.2 A comparability criterion

Consider a parallel corpus in which passage mean-
ing is held constant and only the tokenizer varies.
A more fertile tokenizer refines the node set, divid-
ing nodes into a larger number of nodes carrying
the same text. Write N = ¢ M, where M is a tok-
enizer independent measure of content length such
as character count and ¢ is fertility.

Proposition 1 (Non-identification under node set
refinement). Let f be an attention graph functional
with attainable range [0, g(N)] for strictly increas-
ing g. Then on a parallel corpus a difference in
f between two languages may be produced by a
difference in fertility ¢ alone, with no difference in
graph structure. The units of f are a function of the
tokenizer, and a cross-lingual comparison of f is
therefore not identified. Functionals whose attain-
able range is a fixed interval independent of N, in
particular those defined on a fixed fraction of the
spectrum, are not subject to this non-identification.

The argument is one of units rather than of ev-
idence. If f attains at most g(N), and N = ¢ M
with M fixed by the parallel design, then the ceil-
ing of f is itself a function of the tokenizer, and the
values of f for two languages are not expressed on
a common scale, and covariate adjustment cannot
recover a comparison between quantities measured
on different scales. A fixed range is therefore a first
requirement, not a full guarantee: it removes this
range based non-identification, while leaving open
ordinary tokenizer effects on the value of f.

Figure 1 shows the three facts the criterion rests
on: the tokenizer sets NV at fixed content, the ceil-
ing g(IV) of a descriptor follows from its definition,

and the two classes separate on measured sensitiv-
ity to N in the Llama models and not in the other
two architectures. Proposition 1 partitions the de-
scriptor set before observation. Spectral entropy,
effective rank, attention distance, attention entropy
and Dirichlet energy have N-dependent ceilings,
while HFER, A9, Amax and the smoothness index
are fixed range under the normalised Laplacian. In
the Llama pair the partition is empirically recov-
ered with no overlap: variable range descriptors
correlate more than twice as strongly with log N
within language as fixed range ones. That recovery
is a property of those models, not of the criterion,
and does not hold on the two architectures of Ap-
pendix C. This is a units claim: a descriptor can be
mathematically comparable and still covary with
fertility.

Stability under node refinement. We therefore
add a refinement invariance check. Holding a syn-
thetic graph’s coarse structure fixed while split-
ting nodes shows that fixed range is not enough:
HFER and Ag drift 114% and 83%, while Apax
drifts 0.7%. The drift is generator dependent and
therefore not removable by a monotone calibration.
It also runs against the reported resource associa-
tion: refinement raises HFER, whereas an uncor-
rected artefact would flatten our positive resource
slope rather than manufacture it. The sweep and
generator checks are in Appendix C.

Our main results are in any case reported in the
matched scope, where N is held at 96 and no re-
finement occurs across the comparison. For natu-
ral length comparisons of HFER or Ao, satisfying
Proposition 1 is not sufficient, and the matched
node design avoids that additional refinement de-
pendence.

Amax and residual norm illustrate the one direc-
tional nature of the criterion: their scales are shared
across languages, but their values can still covary
with fertility. Both are nearly insensitive to graph
size within a language yet strongly associated with
N across languages, so they satisfy the range cri-
terion while still carrying between language varia-
tion. Comparability is necessary for cross-lingual
interpretation, not sufficient.

3.3 Ceiling normalisation

For excluded descriptors, the criterion prescribes
division by the analytic ceiling g(/N). Ceiling
normalisation reduces the median discrepancy be-
tween the content and matched resource slopes
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from 0.510 to 0.057, close to HFER at 0.063, and
improves all ten descriptor model cells we test.
Fixed range descriptors such as \,,x and residual
norm are deliberately left uncorrected.

Scope of the two checks. The resulting two-stage
gate is: when graph orders differ, fixed range or
ceiling normalisation places descriptors on a shared
scale. For natural length comparisons, refinement
stability also enters the interpretation. When IV is
explicitly matched, the range problem disappears,
but the coverage confound in §3.4 remains. The
two checks disagree most clearly on effective rank:
cross scope normalisation repairs its fitted resource
slope, but the refinement test still shows value level
drift, so we use it only in matched scope.

3.4 Token count matching and its residual
confound

Each model is evaluated under two scopes. In
content scope, passage meaning is fixed and N
varies. In matched scope, N = 96 is fixed and
the varying quantity is how much of the passage
the budget covers. The standard reasoning is that
an effect present only under content scope is a
fertility artefact, whereas an effect persisting under
matched scope cannot be attributed to graph size.

That reasoning is incomplete. Matching converts
the graph size confound into a coverage confound:
English covers 70.6% of a passage within 96 to-
kens, Burmese 6.1%, and coverage correlates at
+0.584 with the resource axis. We control coverage
in binned analyses. The per-layer profiles remain
unadjusted matched scope resource profiles, test-
ing depth heterogeneity after graph order is fixed.
Because coverage is collinear with the resource
axis and other controls, the binned coverage check
uses a minimal specification and reports the satu-
rated one alongside. They agree except on the 3B
mid-depth cell.

4 Experimental Setup

Corpus. We use Belebele (Bandarkar et al.,
2024), whose flores_passage field supplies
FLORES-200 passages (NLLB Team, 2022, 2024).
We verify item alignment by joining on (link,
question_number) because the per-language files
are not uniformly row aligned. The matched bud-
get is set below English passage length, because
otherwise matching discards high-resource items
first. English passages span 32 to 277 tokens (me-
dian 94), so we sample 50 from the 153 passages

of at least 112 English tokens under a fixed seed.

Languages and resource axis. The inventory
comprises 60 languages, 22 scripts and 24 family
branches. We use Wikipedia article count as the un-
labelled resource proxy from Joshi et al. (2020). It
validates against both available anchors, with Spear-
man p = 0.924 against an a-priori resource band
and p = 0.890 against the Joshi class on the 18
named languages. Cebuano, Waray and als_Latn
are excluded for documented corpus/proxy mis-
matches (Appendix N).

Models, estimand and implementation. We
evaluate a tokenizer matched Llama-3.2-1B/3B
pair, released September 2024, and add Llama-3.1-
8B, released July 2024, as a tokenizer matched
extension. Tokenizer byte identity is verified over
vocabulary, merges and token id sequences, so dif-
ferences among profiles cannot be attributed to to-
kenizer vocabulary. The 8B extension changes
model version, capacity and depth, so it is a
matched scope generalisation check rather than a
capacity only comparison. The estimand is 3, the
standardised per-layer slope on log, article count
with language clustered standard errors, since the
regressor is constant within language and the effec-
tive sample is 60. Special tokens are removed be-
fore graph construction. The 1B/3B content scope
sweeps cap graphs at N = 1024, truncating 13.2%
of content scope rows and no matched scope rows.
The truncation is concentrated by fertility rather
than spread evenly, and the 8B run is matched scope
only at N = 512.

5 Results

5.1 Depth heterogeneity of the resource
associated HFER profile

The main empirical question is whether the re-
source association looks the same at every layer
once graph order is fixed. It does not. The re-
source axis slope on HFER ranges from —0.34 to
40.68 across depth in the 1B, —0.65 to +0.69 in
the 3B, and —0.61 to 4-0.77 in the 8B. Free permu-
tation recreates about a fifth of that spread, whereas
within-family relabelling recreates 58 to 71% of it
(Table 1). A standardised slope of 0.4 means that
one order of magnitude more Wikipedia text is
associated with a 0.4 standard deviation change
in high-frequency energy. In raw units mid-depth
HFER runs from 0.043 in Xhosa to 0.060 in Pol-
ish across roughly three orders of magnitude of
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Figure 2: The resource associated HFER profile varies across depth, and its dispersion clears a family
preserving null in five models. (a) Unadjusted matched scope per-layer slope against relative depth, the untrained
Llama-3.2-1B control in grey, dotted lines at the £0.261 calibration floor that permuted labels reach at the 95th
percentile. (b) Dispersion of the per-layer slope vector against 1000 free and 1000 within-family permutation draws,
densities scaled to a common height, observed value as a marker. (c) Observed dispersion against the within-family
null mean and two null standard deviations, for the three Llama models and the two further tokenizer families.

resource availability.

Main result. The unadjusted matched scope re-
source association is heterogeneous across depth
(Figure 2). Dispersion of the per-layer slope vector
exceeds all 1000 family preserving null draws in
all three models (pperm = 001, Table 1). We re-
port dispersion rather than a maximum because the
profiles are multimodal and neighbouring layers
are dependent.

The 8B extension preserves and narrows this
conclusion. Its profile dispersion is 0.431, lies 3.72
null standard deviations beyond the within-family
null, has descriptive 72 = 95.8%, and is 60% fam-
ily reproducible. The standardised margin over
the family null decreases across the 1B/3B/8B se-
quence (4.63, 4.00, 3.72), but the gap between the
observed value and the null remains comparable
(0.107, 0.180, 0.172). What does not persist is the
mid-band association: the slope falls from +0.395
to +0.108 to —0.015, is inside the 8B family null
(Pperm = .653), and shrinks under central windows
of 3, 5, and 7 layers. The cross model finding is
depth heterogeneity, while the apparent mid-band
association is model specific.

Free and family preserving nulls. Free permu-
tation breaks family structure as well as resource
level. Holding family fixed raises the reproduced
share from about 20% to between 58 and 71% for
dispersion, puts the 3B and 8B mid-band slopes
inside their family nulls, and sharply narrows the
claim. Script is the weaker stratum.

Table 1: Dispersion of the per-layer HFER slope
against nulls of increasing severity. Matched scope,
unadjusted per-layer resource slopes, 1000 draws per
null. The repro. column is the null mean as a fraction of
the observed value, and shaded rows bound the claim.

Null Statistic obs. null mean & sd pperm repro.
Llama-3.2-1B

free  dispersion (SD) 0.366 0.0782 +0.0224 .001 21%
family dispersion (SD) 0.366 0.2594 +0.0230 .001 71%

0.3335 +£0.0250 .012 84%
94.9%

family mid-band slope  0.395

descriptive 12
Llama-3.2-3B
free  dispersion (SD)
family dispersion (SD)
family mid-band slope
descriptive I°

Llama-3.1-8B
free  dispersion (SD)

0.0845 +0.0270 .001 20%
0.2528 +0.0449 .001 58%
0.0727 £0.0224 .063 68%

96.3%

0.433
0.433
0.108

0.431 0.0796 +0.0266 .001 18%

family dispersion (SD) 0.431 0.2595 +£0.0460 .001 60%
family mid-band slope —0.015 —0.0043 +0.0244 .653 28%
descriptive I° 95.8%

Further readings checked by the nulls. Binned
coverage controlled analyses support the 1B/3B
mid-depth association but not a stable mid-band
claim, which the 8B extension removes. The
untrained Llama-3.2-1B control does not repro-
duce the association: its mid-band slope is —0.028
against +0.395 in the trained 1B. Peak position
is not identified: the 1B and 3B profiles peak at
relative depth 0.364, but within-family relabelling
reproduces that peak in 95% of draws and the agree-
ment does not survive reinterpolation. Depth bin-
ning obscures layer specific variation by cancelling
slopes of opposite sign.
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Table 2: Three descriptors carry both legs of the tok-
enizer efficiency to modelling quality path. Shaded
rows have both a and b significant after correction.
Smoothness and A\ are shown because they are natural
spectral comparators. aby,p, repeats the decomposition
with the character normalised comprehension margin,
and T marks a row that does not clear correction in that
behavioural family.

Mediator a b
eff. rank

ab [95% BCa]

+0.646 —0.377 —0.244 [-0.478,—0.072] +0.2181
Amax —0.629 —0.215 +0.135 [+0.037,+0.245] —0.130
HFER +0.145 —0.248 —0.036 [—0.077,—0.007] +0.024

smoothness —0.196 —0.151 +0.030 [+0.001,+0.100] —0.024
A2 40.014 —0.226 —0.003 [-0.117,+0.074] +0.018T

abpen

5.2 Association with language modelling
quality

Belebele accuracy is not a usable outcome for base
models at this scale: chance is 0.250, Llama-3.2-
1B attains 0.288 +o0.037 in English, and only 14
of 60 languages exceed chance significantly. We
therefore use bits per character as the primary mod-
elling quality proxy and validate it against the char-
acter normalised log-likelihood margin between
the correct option and its strongest distractor. The
margin is task grounded and correlates with bits
per character at » = —0.92 after partialling out
the resource axis. Per-token NLL is not used be-
cause it rewards the fertility under study (Delétang
et al., 2024). Bits per character is recoverable from
the sweep’s own NLL and validates against direct
measurement at r = 0.9992.

The decomposition is associative, not causal.
The exposure is Rényi tokenizer efficiency (Zouhar
et al., 2023), the candidate mediators are matched
scope descriptors, and the outcome is bits per char-
acter. For layer resolved descriptors we use a fixed
mid-depth summary rather than selecting a peak
layer. Inference is clustered by language, with mul-
tiplicity correction on the a and b legs and descrip-
tive BCa intervals for ab. For truncated items, the
likelihood denominator follows the scored prefix.
Dropping them would correlate with the resource
axis and remove every Burmese item.

Three descriptors carry both legs after multiplic-
ity correction: residual stream effective rank, Ay ax,
and HFER (Table 2). The behavioural margin pre-
serves the ordering, but the largest association be-
longs to the residual stream baseline: effective rank
carries ab = —0.244 against HFER’s —0.036 and
requires no graph or eigendecomposition. Apax
enters with the opposite sign to the total effect,
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(a) audited slope
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Figure 3: The audit moves the conclusion furthest
where the criterion says it will. The 73 associations
a naive analysis reports as significant, over Llama-3.2-
1B/3B and BLOOMZ-3B, three depth bands, eleven de-
scriptors. (a) Audited against naive slope, filled markers
for descriptors whose attainable range varies with /N and
open markers for fixed range ones, the identity dashed,
the two shaded quadrants holding the 15 cells whose
sign reverses. (b) Correction size |Snaive — Baudited|
against the descriptor’s measured within language sen-
sitivity to graph order, reversing cells marked, least
squares fit in ink, Spearman p = 0.60 (p = 2 x 1079).

so we report suppression rather than a mediated
proportion.

5.3 Effect of the audit on reported
associations

An audit is worth running only if skipping it
changes the answer. We therefore compare, de-
scriptor by descriptor, the conclusion a standard
analysis reaches against the conclusion the audited
analysis reaches. The naive arm is unaudited anal-
ysis: whole passages, raw descriptors, a regression
of the descriptor on the resource axis. The audited
arm applies the criterion: matched graph order,
ceiling normalisation where the range is variable,
coverage controlled, language clustered standard er-
rors. A cell is one (model, descriptor, depth band),
over the three models for which both scopes are
available.

Of the 73 associations the naive analysis reports
as significant, 42.5% survive. The rest divide into
37.0% that disappear and 20.5% that reverse sign:
on those, a standard analysis would report a real
association in the wrong direction.

The more useful result is that the criterion says
in advance which conclusions are at risk (Table 3
and Figure 3). Reversals concentrate in the descrip-
tors whose attainable range depends on N: 34.2%
of their naive conclusions reverse, against 5.7% of
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attainable range

fate of the naive conclusion variable  fixed
survives (same sign, significant) 23.7%  62.9%
reverses sign 342%  5.7%
disappears 42.1% 31.4%
does not survive 76.3% 37.1%
naive conclusions (1) 38 35

Table 3: The criterion screens conclusions before they
are drawn. Fate of every association a naive analysis
would report as significant at oo = .05 without a within
language control, split by whether the criterion flags the
descriptor in advance. Flagged descriptors reverse sign
six times as often (13/38 against 2/35, Fisher exact
p = .003) and fail to survive twice as often (p < .001).
Llama-3.2-1B/3B and BLOOMZ-3B, three depth bands,
eleven descriptors. BLOOMZ’s own partition fails (Ta-
ble 4), but dropping it widens the contrast to 42.3%
against 7.1% (p = .004). Cells are not independent and
the test is indicative (Appendix C).

fixed range ones, and three quarters of them fail in
some way. This is what distinguishes a criterion
from a post-hoc account of which results happened
to move. Because the descriptors are defined analyt-
ically on the spectrum, the partition is fixed before
any measurement is taken, and it is that derivation,
not the empirical outcome, that does the screening.

5.4 Robustness and negative results

Eleven broad falsification analyses and additional
pre-specified adversarial checks withdrew the late-
depth, stable mid-band, peak location and profile
shape claims while preserving depth heterogene-
ity under the family aware dispersion null (Ap-
pendix L). Four negative results further constrain
the paper: residual stream baselines outperform
spectra for prediction (R? = 0.799/0.773 ver-
sus 0.683/0.741), Heaps’ exponent is not scale-
free (r = —0.96 with fertility), tokenizer fea-
tures are nearly one-dimensional (PC1=81.4%),
and only dispersion generalises across model sizes.
Equality of the 1B/3B mid-depth slopes is rejected
(p = .021), sign concordance does not exceed its
null (p = .66), and peak position is reproduced by
within-family relabelling in 95% of draws.

Across tokenizer families. The Llama ladder
holds the tokenizer fixed by construction, which
identifies the capacity comparison but leaves open
whether the depth heterogeneity result is a prop-
erty of one segmentation. We therefore repeat the
family aware dispersion null on two further vocab-
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ularies: BLOOMZ-3B (ROOTS, ALIiBi, instruc-
tion tuned, November 2022) and Qwen-2.5-1.5B
(ROPE, base weights, September 2024). Disper-
sion clears the null in both: Qwen at 0.292 against
0.206 +0.025 and BLOOMZ at 0.106 against 0.084
+0.008, margins of 3.440 and 2.79¢ against 4.63,
4.00 and 3.72 for the triple. The direction replicates
in three independent tokenizer families, the magni-
tude does not: BLOOMZ’s dispersion is roughly a
quarter of the Llama values with 80% reproduced
by within-family relabelling, a weak replication
that also confounds vocabulary with positional en-
coding and instruction tuning.

6 Discussion

Contribution of the audit. A low-resource lan-
guage can appear worse for at least three different
reasons: the model may reason less reliably in that
language, the translation may expose less of the
passage within the same token budget, or the in-
ternal diagnostic may be measured on a different
scale. The first is a task claim. The latter two
are measurement claims, and our contribution is to
make them explicit before downstream score gaps
are interpreted.

Descriptor scope. The descriptors separate pre-
diction from depth resolved diagnosis. For pre-
diction, residual stream baselines are stronger and
cheaper: anisotropy better predicts language re-
source level, and effective rank carries the largest
association with modelling quality. Spectral de-
scriptors answer a different question, revealing
whether and how a resource association varies
across layers and graph frequencies once graph
order is controlled, which is why the association
decomposition and the depth profile point to differ-
ent lessons. For variable range descriptors, ceiling
normalisation repairs matched scale comparability.
For fixed range descriptors, no divisor is warranted.

Scope of the criterion beyond spectral descrip-
tors. It would be easy to read this paper as a
catalogue of ways graph descriptors fail, and that
reading is wrong on the evidence. The criterion
partitions descriptors by whether their attainable
range depends on N, and that partition cuts across
the graph boundary rather than along it. Tested as
a classifier against within language sensitivity to
graph size, it separates the two groups with no over-
lap in the Llama pair, though that recovery is a prop-
erty of those models and does not hold on the archi-



tectures of Appendix C. It keeps separating them
when the graph descriptors are removed: among
non-graph quantities alone the variable range ones
sit at || > 0.75 against < 0.38 for fixed range
ones. Three of the descriptors it flags are standard
interpretability tools with no eigendecomposition.

The audited population is therefore not those
computing spectra on attention graphs, but anyone
comparing an N -dependent internal measurement
across unevenly tokenized languages. What graph
signal processing supplies is what makes such a
rule possible at all: descriptors with closed-form
definitions, whose ceilings can be derived rather
than estimated, and whose repair, division by that
ceiling, follows from the same definition. A quan-
tity introduced without an analytic range admits
no equivalent check, which is why the residual
stream baselines that outperform spectra at predic-
tion cannot say whether their own cross-lingual
comparison is meaningful. The spectral formalism
is the instrument here, not the defendant.

Effect of the family preserving null. The fam-
ily aware null is not a cosmetic robustness check.
In this sample, resource level and family structure
are strongly entangled, so a free permutation tests
against no language level signal rather than against
no resource axis signal. Preserving family repro-
duces most of the observed profile dispersion and
almost all of the apparent peak position. The 8B
extension makes the same point from the model
side: dispersion persists when depth and capacity
change, the mid-band association does not. The
claim is therefore phrased as depth heterogeneous
and resource associated, not as a stable fragmenta-
tion mechanism.

Cost and low-resource applicability. A depth
profile for one language costs a forward pass over
50 parallel passages and one eigendecomposition
per layer, with no labels, fine-tuning or benchmark.
This matters where benchmarks have little head-
room: base models sit at the Belebele chance floor
in two thirds of the languages measured. The im-
mediate use is triage before a multilingual bench-
mark is run or read. If a fixed token budget covers
only a small share of a language’s passage, or a
diagnostic fails the range criterion, an apparent per-
language difference has a measurement component
before any task claim is made. The audit reports
fertility and coverage, checks descriptor range and
refinement behaviour, and uses family aware nulls,
documenting whether the comparison attached to

an accuracy number is in comparable units.

7 Conclusion

Tokenization is part of the measurement apparatus
rather than a harmless preprocessing step. It fixes
a translated item’s token budget, content window
and attention graph node set before any reasoning
occurs, so an internal quantity used to compare
languages can lose comparability before a score
gap is read as a model quality gap. The audit im-
poses the three constraints announced in §1. Put
variable- N descriptors on a shared scale, by fixed
range or by division by the analytic ceiling. Treat
matched- N probes as coverage limited and report
the coverage. Test resource axis claims against
nulls that preserve language family. Applied to 73
associations a standard analysis reports as signifi-
cant, those constraints retain 42.5% and reverse the
sign of one in five, and the failures fall on the de-
scriptors the criterion names in advance. Applied to
HFER across three tokenizer matched Llama mod-
els, they leave one finding standing: the resource
associated profile varies across depth, and its dis-
persion exceeds every within-family permutation
draw in each model.

Limitations

One tokenizer matched Llama model set. The
cleanest part of the design is also its boundary.
The three Llama runs use a byte identical tok-
enizer, so differences among their profiles cannot
be blamed on vocabulary changes. The price is that
the strongest evidence comes from one tokenizer
family. The 8B extension shows that depth het-
erogeneity persists beyond the 3.2-1B/3B pair, but
model version, depth, capacity and possibly train-
ing configuration vary together, and the 8B run is
matched scope only. It is therefore a generalisation
check, not a capacity only experiment.

The cross tokenizer evidence is deliberately
more modest. Dispersion clears the family aware
null under the BLOOM/ROOTS and Qwen vocabu-
laries, but BLOOMZ’s dispersion is roughly a quar-
ter of the Llama values with 80% of it family re-
producible, and BLOOMZ also changes positional
encoding and instruction tuning. The mathematical
range criterion should transfer because it depends
on a descriptor’s definition, but the empirical length
signature can change with architecture specific po-
sitional priors or activation scales (Appendix C).
Full cross tokenizer generalisation remains a sepa-
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rate validation problem.

Residual confound in the matched token scope.
It removes graph order from the per-layer compar-
ison but is not a generic solution to tokenization
inequality. Holding NV fixed changes the semantic
object being measured: the high density language
contributes more of the original passage, while
the fragmented language contributes a shorter pre-
fix. This is why the coverage control changes the
binned conclusions and why the per-layer profiles
are reported as unadjusted matched scope associ-
ations. English covers 70.6% of a passage within
96 tokens where Burmese covers 6.1%, and cov-
erage adjustment reduces that imbalance without
reconstructing content absent from a fragmented
prefix. The design answers the matched node ques-
tion: whether the resource associated HFER pro-
file varies across depth conditional on the same
number of graph nodes, and not the content scope
question of what happens at each language’s natu-
ral token length. We report no coverage adjusted
per-layer permutation profile, so Table 1 supports
depth heterogeneity for the matched scope profile
while coverage controlled claims are restricted to
the binned summaries.

Observational design. The analysis is observa-
tional. Resource level is a potential common up-
stream factor associated with fertility, geometry
and modelling quality. It is included as a covariate,
but nothing is randomised, so no causal interpre-
tation is licensed. The depth profile reported here
describes where a resource association sits, and
does not identify the computation that produces
it. Any statement in §6 about what an intervention
would do to the profile is a prediction rather than a
result.

The resource proxy is Wikipedia article count,
validated against two anchors and screened for bot
generated wikis. It measures unlabelled web text
rather than pretraining composition, which is undis-
closed for these models. Belebele accuracy is at
its chance floor at this scale, so the modelling qual-
ity analysis rests on bits per character and a task
grounded comprehension margin as proxy evidence
for the evaluation conditions in which accuracy has
little headroom. Near chance four-way arg max
accuracy is sensitive to the numerical environment,
so we regenerate it from stored per-item outputs
rather than reconcile it with an earlier run. For
the 1B and 3B content scope sweeps, graphs are
capped at N = 1024, and §4 reports how that trun-

cation concentrates by fertility. The matched scope,
where the reported effect is estimated, is unaffected.
The 8B run is matched scope only at N = 512.

Reproducibility Statement

Every number in this paper resolves to a result
file produced by a released script, and a single en-
try point re-runs the table checkers that compare
the manuscript against those files. Appendix A
describes the artifact, Appendix F the models, es-
timand and implementation departures from pack-
age defaults, and Appendix U the permutation nulls
with their seed and draw count. The pre-registration
log records each adversarial check with the deci-
sion rule fixed before the corresponding run, in-
cluding the checks that withdrew a claim (Table 9),
and no entry in it has been removed.

Ethics Statement

This work examines a disparity that disadvantages
speakers of low-resource languages, and should not
be used to rank languages or speakers, or read as
endorsing any per-language quality score. The prin-
cipal ethical implication is cautionary: an attention
graph statistic that appears to measure per-language
model quality may instead restate tokenizer fertil-
ity, and deploying such a statistic as a quality gate
would encode segmentation inequality as a mea-
sured deficiency of the language. All data used is
publicly released, no human subjects or personal
data are involved, and all experiments were con-
ducted on a single consumer GPU.
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A Reproducibility and artifact

Code, the pre-registration log and the derived mea-
surements are released as a public artifact.” It
contains the extraction and analysis pipeline, a
single entry point that runs every table checker,
and a tidy table of 244,800 per-language, per-layer,
per-descriptor values covering 60 languages, 17
recorded series, of which the eleven descriptors of
§3.1 are analysed here, and ten model by scope
cells, which is sufficient to recompute every num-
ber reported here. The raw per-item sweep outputs
are not shipped, being 92 MB. The regeneration
command and its measured cost are documented in
the repository. Every table in this paper is verified
against the recorded results by a checker that fails
on a changed value, a removed mark or a deleted
row, and the adversarial sweep that exercises those
checkers is included.

B Further implications

Where the criterion applies outside the experiments
reported in the body.

As a training signal. A depth resolved geomet-
ric quantity is a natural candidate for a dense aux-
iliary objective, and algebraic connectivity is the
quantity most often proposed. Our results do not
support that choice: \q carries neither leg of the
path to modelling quality (Table 2), so maximising
it would optimise a quantity with no established
relationship to language modelling performance.

2 github.com/vcnoel/tokenization-measurement-scale

Of the three descriptors that do carry both legs,
Amax enters with the sign of a suppressor and ef-
fective rank is a residual stream rather than a graph
quantity, which leaves HFER as the only spectral
candidate. Even there we would treat it as an ob-
jective only after the adaptation experiment above
succeeds, since a diagnostic optimised as a target
ceases to function as a diagnostic.

Scope beyond the cross-lingual setting. Propo-
sition 1 concerns node set refinement rather than
languages as such. Any comparison of atten-
tion graph descriptors between sequence popula-
tions of systematically different length inherits the
same non-identification: prose against code, short
against long prompts, models with different vo-
cabularies compared to one another, or a single
model before and after a tokenizer change. In each
case the criterion and the normalisation apply un-
changed and remain checkable from a definition
prior to measurement. This is directly relevant to
spectral descriptors deployed as runtime monitors
(Noél, 2026), since a threshold calibrated on one
language or one input population is not transfer-
able to another whose sequences are systematically
longer unless the descriptor satisfies Proposition 1.
Bits per character is similarly transferable as an
outcome: free of floor effects, comparable across
scripts, and recoverable from quantities standard
evaluation harnesses already record.

C Cross architecture check

The 73 cells behind Table 3 are nested within model
and depth band, and the two Llama models share a
tokenizer, so the effective number of independent
units is well below 73 and the Fisher exact test over-
states it. The association is reported as indicative
rather than as a clustered inference. BLOOMZ-3B
supplies 19 of those cells and is a model whose
empirical partition fails, so the criterion is scored
there on a model where its own length signature
does not hold.

The comparability criterion in Proposition 1 is
architecture independent because it depends only
on a descriptor’s mathematical range. The empir-
ical length signature it predicts is not. We swept
BLOOMZ-3B (November 2022) and Qwen2.5-
1.5B (September 2024) with the same pipeline,
choosing one non-RoPE and one RoPE model out-
side the Llama family. In both, the Llama partition
between descriptors whose range varies with /V and
fixed range ones fails at the depths where the Llama
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Table 4: The empirical partition is architecture spe-
cific. Lowest within language r(-,log N') among de-
scriptors whose range varies with IV, against the highest
|r| among fixed range ones, content scope, shown as
the range over the three depth bands. Correlations are
within language throughout: the across language form
absorbs between language fertility, which is the con-
found under study.

Model lo N-dep.

Llama-3.2-1B  0.679 to 0.888 0.268 to 0.332
Llama-3.2-3B  0.718 to 0.890 0.166 to 0.288

Qwen2.5-1.5B 0.074 to 0.161 0.858 to 0.879  all
BLOOMZ-3B 0.161to 0.581 0.740to0 0.826  all

hi fixed overlap

none
none

pair separates by a factor of two or more (Table 4).
The failures are informative, not replications: each
has a model specific explanation unrelated to tok-
enizer vocabulary.

Under BLOOM, the main culprit is ALiBi: a pre-
softmax distance penalty makes locality a mono-
tone function of sequence length. Passing the
content free ALiBi attention matrix through the
same pipeline gives »(HFER,log N) = —0.798
from position alone, against —0.632 observed and
+0.144 for Llama. The sign is robust to the choice
of graph signal but too small in magnitude over the
within language token count range, so the signa-
ture is substantially positional and does not carry
tokenizer information.

Under Qwen, the issue is residual stream magni-
tude. Its HFER is flat (r = —0.045), even though
its fertility correlates more strongly with Llama’s
tokenizer (+0.907) than BLOOM’s does (+0.573).
In both Qwen and Llama, tr(X ' X) is dominated
by a single token, but that token’s cross passage
variance differs by roughly twenty fold, burying
the length signal in one model and not the other.
A third 1B base model screened under the same
pipeline, OLMo-2-1B (April 2025), places 3.0%
of tr(X " X) in its largest token against Qwen’s
99.3% and Llama’s 97.5%, so this is a claim about
Qwen rather than about model scale. The implica-
tion is methodological: the range criterion transfers,
but the empirical length signature remains model
specific.

D Depth nulls in full

The narration supporting Figure 2 and §5.1: the
calibration bound on per-layer slopes, why script is
a weaker stratum than family, the multimodality of
the profiles, and the untrained control’s limitations.

Three depth summaries and their names.
These are easily confused, so we fix terminology.
The binned mid-depth slope is the fit over the
whole middle third of the network (40.315/ +
0.323 in Table 10). The per-layer mid-depth slope
is the mean of the per-layer fits over relative depth
[0.33,0.66) (40.395 for the 1B, 4+0.108 for the
3B). This is the quantity all permutation tests be-
low use. The peak layer slope is the single largest
per-layer value (+0.60 and +0.67, both at relative
depth =~ 0.36). These are three different estimands
and none is a rounding of another.

Free permutation. Permuting the resource axis
across all 60 languages and refitting the entire pro-
file (1000 draws, Appendix U) places the observed
per-layer mid-depth slope 5.8 (1B) and 3.1 (3B)
null standard deviations out. With the finite per-
mutation correction, this gives pperm = -0010 and
.0020 respectively.

This test is weaker than it first appears, and the
next paragraph is the one that matters. A free
permutation scrambles every language level struc-
ture simultaneously, so it tests the observed effect
against “no language level signal whatsoever”, not
against “no resource effect”. Language family and
script are not independent of resource level, since
the high-resource languages are overwhelmingly
Indo-European and Latin script, so a family or
script signal would clear this null exactly as a re-
source effect does.

Stratified permutation. We therefore permute
the resource axis within strata, leaving the stra-
tum’s structure intact in every draw (Table 16). Un-
der within-script permutation the effect survives in
both models, and the 1B null mean is —0.036: the
within-script null reproduces substantially less of
the observed slope than the within-family null in
this sample. Under within-family permutation the
picture changes materially. The null mean rises to
+-0.333 against an observed +-0.395 for the 1B, so
84% of the observed slope is reproduced by rela-
belling within family branches (68% for the 3B).
The free null margin above becomes a smaller 2.5
null-SD margin (p = .012) for the 1B, and for the
3B the effect falls inside the null at the conventional
threshold (1.6 null SDs, p = .063).

Untrained control. The permutation tests above
ask whether the labels carry signal. A different
question is whether the model does: the profile
might be a consequence of depth, head count,
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causal masking and per-language token counts act-
ing on any network of this shape. We therefore ran
the entire pipeline on a randomly initialised Llama-
3.2-1B (same configuration, same tokenizer, same
corpus, both scopes, 60 languages), whose mean
NLL is 12.19 against a uniform prediction floor of
log |V| = 11.76 and a trained value of 2.66. Be-
cause the tokenizer is untouched, this control holds
the per-language token counts exactly fixed.

The resource association is not reproduced by
this untrained control. The per-layer mid-depth
slope is —0.028 against 4+0.395 in the trained
model of identical architecture, and the peak layer
statistic is 0.151, below the 0.261 that permuted
labels reach at the 95th percentile, so the un-
trained model’s strongest layer is weaker than this
pipeline’s noise floor. Sign concordance with the
trained profile is 0.500, exactly chance.

The control has a limit, which we state. An
untrained transformer has near-uniform attention:
row-wise attention entropy is 3.374 nats against
3.598 for an exactly uniform causal row at N = 96,
so the untrained graph carries only 6% less en-
tropy than the maximum. The null result therefore
bounds the association to a model whose attention
is not uniform, and does not separate that condi-
tion from learned computation, which an all-ones
attention matrix would also fail to separate. Two
observations bear on this. The untrained graph is
not degenerate on the descriptor of interest: HFER
has cross language standard deviation 0.0062 at
mid depth, coefficient of variation 0.084 against
the trained model’s 0.083, so the descriptor has the
same relative room to move in both models and
the null is not a floor effect: the variance exists, it
simply is not organised by resource level. We note
in passing that HFER is higher in the untrained
model (0.074 vs 0.055), so training reduces high-
frequency graph energy, which is consistent with
the over-smoothing literature (Shi et al., 2022). The
sharper version of this control would use an early
training checkpoint. None is publicly released for
Llama-3.2-1B, so we report the limitation rather
than resolve it.

Dispersion of the per-layer profile. The striking
fact in Figure 2 is that both models peak at relative
depth 0.364 despite having 16 and 28 layers. We
tested it. The cross model peak agreement is re-
produced by 11.9% of free permutations (p = .12):
profiles are smooth by construction, the grid has
12 points, and coincidental agreement is common.

Under within-family permutation the peak lands
within one grid step of 0.364 in 94.8% of draws,
and exact cross model agreement occurs in 45.5%
(p = .46). For peak position, the family null is
also five times tighter than the free null (£0.091 vs
+0.323) and centred on the observed value: within
family, the peak reliably lands where we observed
it whatever the labels. Rerunning on grids of 8§,
12 and 16 points settles it: the two models’ peaks
coincide at 12 and 16 but lie four cells apart at 8
(Appendix Q). A fact that flips with an arbitrary
interpolation choice is not a finding. We therefore
withdraw the peak position claim and report peak
position as description.

The profile shape resolves an apparent ten-
sion. Each has competing near-equal maxima:
(0.33,+0.676) and (0.47, +0.543) for the 1B, and
for the 3B (0.26,+0.693) and (0.33, +0.678), two
peaks differing by 2.2% and sitting 0.074 apart in
relative depth. A gridding choice decides which
wins. That is why the maximum value is sta-
ble to £0.019 under resampling while its location
moves half the network: a multimodal profile has a
well-determined maximum and an ill-determined
argmax.

What survives is the dispersion of the per-layer
profile, with amplitude and range corroborating the
same quantity rather than confirming it indepen-
dently (they correlate 0.57 to 0.87 across draws).
SD sits 4.6, 4.0, and 3.72 null SDs over the within-
family null across the 1B/3B/8B sequence. In the
8B run, observed SD is 0.431 against a free null of
0.0796 +0.0266 and a family null of 0.2595 =+ 0.0460.
No permutation draw reaches it, and the family
null reproduces 60% of the observed dispersion.
A random-effects decomposition against the clus-
tered per-layer standard errors gives 12 = 94.9%,
96.3%, and 95.8%: estimation noise accounts for
little of the between layer variance. The peak layer
statistic is 0.676 and 0.693 against free null 95th
percentiles of 0.261 and 0.288. It clears every strat-
ified null in both models at p < .002 (Table 16),
and the untrained control puts it at 0.151, below
the noise floor. Its sampling variability is small
next to the effect’s margin over that null (bootstrap
SD 0.019 against a margin of 0.190, or 10%, Ap-
pendix R).

We report the family reproducible share for what
we keep, not only for what we withdraw, because
the alternative is an uneven disclosure standard. For
the 1B model, the within-family null mean for am-
plitude is 0.486 against an observed 0.676, so 72%
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of that candidate statistic is reproduced by within-
family relabelling, against 84% for the mid-band
slope and 95% for peak position. The dispersion
statistic we keep is itself 58 to 71% family repro-
ducible in the 1B/3B pair and 60% in the 8B run.
Surviving statistics are substantially family aligned.
What distinguishes them from the withdrawn ones
is that they still clear their nulls, not that they are
free of phylogeny.

Depth heterogeneity. The claim that does not
presume a position is that the effect is not constant
across depth. The dispersion figures given above
are that claim. The dispersion of the per-layer slope
vector is outside both nulls across the tokenizer
matched Llama set: for the 1B, SD is 0.366 against
a free null of 0.078 +o0.022 and a family null of
0.259 +0.023 (p = .001, 71% reproducible). For
the 3B, the family null margin is 4.0 null SDs. For
the 8B, SD is 0.431 against a family null of 0.2595
+0.0460 (p = .001, 60% reproducible).

We lead with SD because it is the strongest of the
candidates, not because it reads best. In the 1B/3B
pair, margins over the family null in null SDs are
4.6 (SD), 4.1 (amplitude) and 3.6 (range) for the
1B, and 4.0, 3.3 and 4.2 for the 3B: SD is the only
one in the top two of both models, and it carries the
lowest family reproducible share. It is also the ap-
propriate choice given the profiles are multimodal:
with two maxima 2.2% apart in the 3B, a maxi-
mum is a coin flip between two layers, whereas a
dispersion measure is well defined. These three are
in any case not independent confirmations: all are
dispersion measures of the same per-layer vector,
correlating 0.57 to 0.87 across permutation draws.

Netting out estimation noise directly gives the
same answer without a null. A random-effects de-
composition of the per-layer slopes against their
clustered standard errors returns 7 = 0.349 and
I? = 94.9% for the 1B, and 7 = 0.405, I* =
96.3% for the 3B, and the 8B gives I = 95.8%.
About 95% of the observed between layer variance
in the resource slope is not attributable to estima-
tion noise. That 7 sits close to the raw SD in the
1B/3B pair confirms the unweighted dispersion was
not mostly sampling error. This is the claim the
three-bin cancellation argument needs, and what
supports the statement in §6 that a per-layer fit is
required to detect the effect, not to locate it. The
defensible claim is therefore that resource level is
associated with high-frequency graph energy in a
way that is consistent with tokenizer fragmenta-

tion and varies across depth, that the dispersion of
that variation requires a trained model and is not
reducible to family or script, and that its position in
depth we cannot attribute to resource level rather
than phylogeny. A large depth resolved change
would describe the estimator rather than the find-
ing, and the paper claims the dispersion instead.

Family and resource level are genuinely con-
founded in the world and not merely in this sample:
they share 70% of their variance across our 60 lan-
guages. A within-family test is therefore close to
the ceiling of what an observational design can
establish here, which is a limit on what can be
concluded and not a reason to prefer the free null.

The shape of the profile is a separate question.
Under the same null the lag-1 autocorrelation of
the per-layer sequence is inside the null in both
models (p = 0.41, 0.37): adjacent layers are fit-
ted on nearly the same observations, so profiles
are smooth whatever the labels. Sign concordance
between the two models on a common depth grid
is 0.583 against a null of 0.593 +0.135 (p = 0.66),
below the null mean. The sign sequence is there-
fore described rather than claimed as replicated
structure, and individual phases are left uninter-
preted. The same nulls give a calibration we apply
throughout: the largest | /3| across depth under per-
muted labels reaches 0.261 and 0.288 at the 95th
percentile, so a single layer slope below ~ 0.29
lies inside what this pipeline produces from mean-
ingless labels, whatever its per-layer confidence
interval, which does not account for the search
across layers.

Depth binning obscures the depth structure in
both directions: early slopes of opposite sign fall
within one bin and cancel, and the binned late-
depth average for the 1B fails coverage control
(p = 0.57) although layers 12 and 13 individually
survive it. We therefore treat the per-layer fit as pri-
mary. Since three-bin depth summaries are widely
used in interpretability work, the point generalises
beyond this setting.

A fragment integration account would explain
the sign: processing content distributed across
many byte-level fragments may spend capacity
on smoother, lower-frequency integration, while
a language whose words survive tokenization more
intact may proceed to more differentiated, hence
higher-frequency, computation. We state this as
motivation, not as a finding, and do not attach it to
a depth, since our tests cannot identify where in the
network the effect sits (Appendix Q). A direct test
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of word boundary alignment in attention proved
confounded with token type and is not yet inter-
pretable. The attempt is recorded in the analysis
log. We observe geometry, not the computation
that produces it.

E Descriptor taxonomy

The eleven descriptors fall into three groups, and
the boundaries matter for the results, so we state
them explicitly. Six require the Laplacian:
HFER, spectral entropy of the mode energy distri-
bution, Dirichlet energy Tr(X " LX), the smooth-
ness index Tr(X T LX) /Tr(X T X), Ay and Apax.
Two require the attention matrix but not its spec-
trum: mean attention distance and row-wise atten-
tion entropy. Three are computed from the resid-
ual stream alone, with no graph at all: anisotropy
(mean pairwise cosine of X'), mean residual norm,
and effective rank, defined as exp of the entropy
of the normalised singular-value spectrum of the
centred X.

Effective rank is grouped with the residual
stream baselines and not with the spectral fam-
ily. This is worth stating because its name and
its [0, min(V, d)] range invite the opposite read-
ing, and because it is the descriptor that carries
the largest mediated effect in §5.2: that result is
a result about a baseline, and would be much less
interesting if effective rank were a graph quantity.
Its ceiling is min(V, d) rather than N, since the
singular-value spectrum of an N X d matrix has
at most min(N, d) nonzero entries. In our setting
d = 2048 and N < 1024, so N binds and the dis-
tinction does not affect the normalisation of §3.3. It
does affect the synthetic sweep of §3.2, where the
signal dimension is chosen larger than the largest
refined node count so the ceiling under test is the
intended one.

The criterion evaluated as a classifier. Table 5
scores the range criterion against a purely empirical
target: sensitivity to graph size measured within a
language, where resourcedness is constant so that
nothing but graph size sensitivity remains. Corre-
lations are computed within each (language, layer)
and then averaged. Conditioning on layer is neces-
sary rather than fastidious, because every descriptor
has a strong depth profile that is unrelated to pas-
sage length, and pooling layers attenuates all of
these correlations toward zero, enough, in the case
of Dirichlet energy, to invert the verdict.

The partition is clean, and it survives deleting the
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graph descriptors: among the five residual stream
and attention quantities alone, the variable range
ones stay above 0.75 and the fixed range ones be-
low 0.39. BLOOMZ is the least clean column, with
several fixed range descriptors reaching |r| ~ 0.4
to 0.6. This is the same model whose positional
encoding and instruction tuning confound the tok-
enizer comparison elsewhere in the paper.

descriptor range 1B 3B BLM Qwen

range varies with N
effective rank”  min(N,d) .94 96 .95 .86

attn. distance’ N 87 88 92 .97
attn. entropy ' log N 86 87 .64 .64
Dirichlet energy N 98 97 43 18
spectral entropy log N 78 78 .78 49
range fixed

HFER [0,1] .02 .03 —-38 -—.01
A2 [0, 2] —-10 —-.02 —-59 -.20
Amax [0,2] 10 08 —.16 -—.12
smoothness [0, 2] 21 19 —-38 36
anisotropy ' [-1,1] —-01 —01 —11 —.04

residual norm’  unbounded —.07 —.08 —.60 —.79

Table 5: The range criterion works off the graph.
Within language r(descriptor, log N'), computed within
each (language, layer) and averaged over languages,
content scope, 60 languages. { marks descriptors re-
quiring no eigendecomposition. Residual norm is un-
bounded rather than fixed range, so the criterion makes
no prediction for it. It is shown for reference and is
indeed the least well-behaved row.

F Models, estimand and implementation

The model set, the estimated quantity and the two
departures from the spectral package’s defaults, in
full.

Models and estimand. We evaluate a tokenizer
matched Llama-3.2-1B/3B pair, released Septem-
ber 2024, and add Llama-3.1-8B, released July
2024, as a tokenizer matched extension. Tokenizer
byte identity is verified rather than assumed, includ-
ing vocabulary, merges, and token id sequences, so
fertility, script and content are held exactly fixed
across the three models. The 8B extension dif-
fers in model version, capacity, depth, and poten-
tially training configuration. It is a generalisation
check rather than a capacity only comparison, and
is matched scope only because its extraction cap
is N = 512 rather than 1024. Differences among
the three model profiles cannot be attributed to
differences in tokenizer vocabulary. We report (3,
the standardised slope of a per-layer descriptor on



log article count, with language clustered stan-
dard errors. The regressor is constant within a lan-
guage, so the effective sample size for a between
language slope is 60 rather than the row count of
a cell. Clustering leaves point estimates largely
unchanged and widens intervals by approximately
an order of magnitude. This also motivates allo-
cating budget to languages rather than items, since
doubling the language count approximately halves
the intervals whereas tripling items per language
does not.

Implementation. Spectral quantities are com-
puted with a published GSP package under two
deliberate departures from its defaults: the symmet-
ric normalised Laplacian of (1), since the random-
walk operator is not symmetric and energy ratios
on its eigenvectors are not well defined, and a dense
eigensolver, since the default sparse solver retains
50 modes, which renders a high-frequency energy
ratio uninterpretable at these graph orders. Spe-
cial tokens are removed before graph construction.
Graphs are capped at N = 1024 in the 1B and 3B
content scope sweeps, truncating 13.2% of content
scope rows and no matched scope rows. The trun-
cation falls on 12 high fertility languages and is
total for Burmese. The 8B run is matched scope
only at N = 512.

G Descriptor partition and ceiling
normalisation

The two tables supporting §3.2 and §3.3.

Resource level is constant within a language, so
every association in Table 6 is graph size sensitivity
alone. HFER, set in bold as the descriptor the
paper uses, sits at 0.144/0.147, on the correct side
of the partition. The two axes of the taxonomy
are independent. Whether a descriptor needs the
Laplacian is a separate question from whether its
attainable range grows with N, and the criterion
applies to the range axis whatever the answer on the
graph axis. Effective rank is the cell that establishes
this: it is computed on the residual stream with no
graph at all, yet it has an /N-dependent range and
the strongest graph size sensitivity in Table 6. The
partition in that table accordingly cuts across both
the graph and the non-graph rows.

Constant factors in the ceiling do not affect Ta-
ble 7, the outcome being a standardised slope.
HFER needs no correction and is listed for ref-
erence only.

Table 6: The comparability criterion recovers the
empirical partition with no overlap. Mean within lan-
guage correlation between each descriptor and log NV,
content scope, 59 languages: Burmese is excluded be-
cause the NV = 1024 cap fixes every one of its passages
at the same length, leaving its token count constant
and the correlation undefined. Shading marks the N-
dependent range: in both models every shaded descrip-
tor exceeds every unshaded one by more than a factor
of two, with no overlap.

Descriptor Range 1B 3B
GRAPH X N-DEPENDENT RANGE

Dirichlet energy [0, N] 0.935  0.976
attention entropy [0, log V] 0.924  0.937
attention distance [0, V] 0.909 0.919
spectral entropy [0, log ] 0.827  0.841

NON-GRAPH X N-DEPENDENT RANGE

effective rank [0, min(N,d)] 0.951  0.970

GRAPH X FIXED RANGE

smoothness [0,2] 0.311  0.255

Amasx [0,2] 0.302  0.268

HFER [0,1] 0.144 0.147
A2 [0,2] —0.081 —0.001
NON-GRAPH X FIXED RANGE

anisotropy [—1,1] —0.062 —0.021
residual norm unbounded —0.031 —0.064

Table 7: Ceiling normalisation places the five vari-
able range descriptors on a shared scale. Cross scope
discrepancy |A| before and after division by the analytic
ceiling, as 1B /3B, and nearer zero is better. TEffective
rank passes this test but fails the refinement test of Ta-
ble 12.

Descriptor Ceiling Raw Normalised
effective rank' min(N,d) 0.92/0.90 —0.07/-0.05
spectral entropy ~ log NV 0.63/0.80 —0.14/-0.05
Dirichlet energy N 0.51/0.51 0.00/0.02
attention distance N 0.45/0.40 —0.15/—0.06
attention entropy  log N 0.22/0.25 —0.09/-0.03
HFER (reference) nla —0.07/0.06  unchanged

H Mediation path table and full
discussion

The decomposition of Table 2 with its estimation
details, its sensitivity to an unmeasured confounder,
and the reason no mediated proportion is reported.

Estimation follows §4 throughout Table 8: the
treatment is Rényi efficiency (Zouhar et al., 2023)
with the resource axis as a covariate, standard er-
rors are clustered over the 60 languages, and the
interval on ab is bias-corrected and accelerated over
language clusters with 10,000 draws. The ¢ val-
ues are Benjamini—Hochberg adjusted separately
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Table 8: Three descriptors carry both legs of the
path, and the largest is not a spectral one. Here a
is the coefficient from tokenizer efficiency to geometry,
b the coefficient from geometry to modelling quality
at fixed tokenizer, and ab the indirect effect. Shaded
rows, both ¢ < .05, are the only survivors. abp.y, re-
peats the decomposition against a behavioural outcome,
the character normalised comprehension margin on the
same items, under its own Benjamini—Hochberg family
over the sixteen mediators. Signs invert because a lower
bits per character and a higher margin both mean better.
Shading refers to the bits per character family only, and
1 marks a row whose b leg does not clear correction in
the behavioural family: effective rank at ¢ = .069, on a
wider standard error rather than a smaller coefficient, its
b being 0.329 against HFER’s 0.171. Intervals for the
behavioural arm are not shown in this compact table.

Mediator a b ab [95% BCa] abpen
eff. rank +0.646 —0.377 —0.244 [-0.478,—0.072] +0.218"
Amax —0.629 —0.215 +0.135 [+0.037,+0.245] —0.130
HFER +0.145 —0.248 —0.036 [-0.077,—0.007] +0.024
smoothness —0.196 —0.151 +0.030 [+0.001, +0.100] —0.024"
A2 4+0.014 —0.226 —0.003 [=0.117, +0.074] +0.018"

for the a and b legs across the eleven descriptors
and the five ceiling normalised forms. The BCa
intervals for ab are unadjusted and descriptive. The
remaining thirteen rows appear in Appendix T.

One of the three cuts against the framing that
motivated the study. The largest indirect effect be-
longs to a baseline rather than to the spectral family:
residual stream effective rank carries ab = —0.244,
roughly seven times HFER’s —0.036, and requires
no graph, no Laplacian and no eigendecomposition.
If the objective is to account for as much of the asso-
ciation between tokenizer efficiency and modelling
quality as possible with one measured quantity, the
residual stream statistic is the stronger summary
and the spectral machinery is not required. Two
qualifications attach and neither removes the point:
effective rank carries the highest collinearity in the
set (variance inflation 3.4), and it is the one descrip-
tor for which our two validation criteria disagree,
being repaired by the cross scope test and not by the
stricter refinement test (§3.3). Because it is used
here at fixed N = 96, the refinement failure does
not bear on this estimate. It bars the same compar-
ison at each language’s natural length. Ay, for
its part, enters with the opposite sign to the total
effect, which is suppression rather than mediation,
and we report no effect share for it. Its a-path
(—0.629) is close to the negative of effective rank’s
(4+0.646), which a reader may read as a sign error.

It is not: the two descriptors correlate —0.47 with
each other and +0.745 and —0.596 respectively
with the treatment, so the mirroring is a property of
the data and not a transcription. A more efficient
tokenizer raises effective rank and lowers Apax,
and the two descriptors sit in different compara-
bility classes (Table 6), so this is not one quantity
counted twice. HFER’s path is the smallest of the
three, though it is the only one whose sign matches
the mechanism of §5.1. It is one mediator with
an interpretable sign, not the mediator. That Ao
carries neither leg is worth stating explicitly, given
that algebraic connectivity is the descriptor most
commonly chosen in this setting.

Two figures bound how much weight the table
takes. The treatment is not collinear with the re-
source axis (R? = 0.059, variance inflation 1.06),
so conditioning is not what produces these esti-
mates. But the F-values for HFER’s legs are only
1.54 and 1.82: an unmeasured language level con-
founder of about that strength with both treatment
and outcome would explain each leg away, and the
space of such confounders (morphological type, or-
thographic depth, register, translation direction of
the parallel corpus) is large.

We do not report a mediated proportion. The
mediated share is ab/c, and the total effect c is not
significant net of the resource axis (¢ = —0.078,
p = 0.278). A ratio to a denominator not distin-
guishable from zero has arbitrary magnitude, and
reporting one would present a quantitatively strong
claim resting on a null result. The defensible state-
ment is narrower: both legs are individually signifi-
cant and the indirect effect is non-zero, while the
total effect of the tokenizer on modelling quality is
absorbed by resource level. This is a decomposi-
tion of an observational association and does not
constitute causal identification.

I Negative results in full

Four negative results constrain the conclusions and
are reported in full.

First, the spectral family does not outperform a
non-graph baseline. Under leave-one-out cross-
validation at the language level (60 languages,
matched scope), the baseline family attains R? =
0.799/0.773 against 0.683/0.741 for the spectral
family. Anisotropy of the residual stream, com-
puted with no graph at all, provides the largest
single surviving slope at —0.63 mid-depth, and
residual stream effective rank carries the largest
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path to modelling quality (Table 2). Three inde-
pendent analyses thus place a non-graph quantity
ahead of the spectral family, which is consistent
with prior findings that representation geometry
alone is highly informative (Ethayarajh, 2019).

Second, Heaps’ exponent is not scale-free. We
introduced it as a principled alternative to type-
token ratio, and it correlates with fertility at r =
—0.96, more strongly than the ratio it was intended
to replace. Refitting each language over an identi-
cal token range, to exclude a range artefact, in-
creased the correlation. Fragmentation induces
fragment reuse, and the two are not separable.

Third, the tokenizer feature space is effectively
one-dimensional. Across five statistics the first
principal component accounts for 81.4% of the
variance and every feature correlates with token
count at |r| between 0.81 and 0.96. On a fixed
parallel corpus, tokenization and fertility are not
separable constructs, and additional tokenizer fea-
tures will not separate them. Holding the tokenizer
fixed while varying the model is the function of the
Llama model set.

Fourth, the claim we make about depth is about
dispersion. The magnitude and the position of the
effect are not supported across model sizes. A
pooled fit with a model interaction rejects equality
of the mid-depth slopes (—0.124 +0.054, p = .021),
so +0.395 and +0.108 are not co-equal evidence.
Sign concordance between the profiles does not
exceed its permutation null (p = .66), and the peak
position is reproduced by within-family relabelling
in 95% of draws. What clears the family aware dis-
persion null is the dispersion of the profile across
the 1B/3B/8B sequence (4.6, 4.0, and 3.72 null
SDs over the family null, I? ~ 95%), with am-
plitude and range corroborating the same quantity
rather than confirming it independently. Reasons
in Appendix D.

J Two validation criteria in full

Why the two comparability tests disagree on effec-
tive rank, and which one the paper defers to.

Cross scope agreement against refinement in-
variance. Cross scope agreement is not the only
test of comparability available, and it is not the
strictest. The refinement sweep of §3.2 asks
a different question: not whether a descriptor’s
slope is stable when the population of passages
changes, but whether its value is stable when one
fixed graph is re-expressed over a finer node set.

These come apart, and the descriptor on which
they come apart is effective rank. It is repaired
by the cross scope criterion, with discrepancy
0.92/0.90 — —0.07/—0.05, the largest improve-
ment in Table 7, and it is not repaired by the refine-
ment criterion, where normalisation moves drift
from 0.654 to 0.793, making it worse (Table 12).
Conversely HFER needs no cross scope correction
(JA] = 0.063) yet drifts 114% under refinement.
No descriptor in our set passes one test and fails
the other by accident: the two tests are measuring
different things.

Refinement invariance is the stricter requirement,
and where the two disagree we defer to it. Cross
scope agreement is a property of a fitted slope
across two samples, so a descriptor can achieve
it by having its scale contamination absorbed into
the standardisation within each scope, so that the
slope agrees while the underlying values remain
scale dependent. Refinement invariance is a prop-
erty of the descriptor evaluated on a single graph,
with the coarse structure held fixed to 6.7 x 10716
by construction, so there is no sample and noth-
ing for standardisation to absorb. A descriptor that
fails it is reading the node set directly. The method-
ological consequence is stated in §6: normalised
effective rank is admissible for between language
comparison at fixed /N, which is the matched scope
where we use it, and is not admissible for compari-
son at each language’s natural length. Passing the
cross scope test alone does not license the latter.

K Extended related work

What each cited result establishes, at the length §2
cannot carry.

Tokenization and cross-lingual disparity.
Petrov et al. (2023) and Ahia et al. (2023)
document that subword tokenizers allocate several
times more tokens to some languages than to others
for identical content, with direct consequences
for context budget, latency and API pricing. Rust
et al. (2021) isolate tokenizer quality from the
remainder of the model and attribute to it much of
the monolingual performance gap of multilingual
models, and Arnett and Bergen (2025) find that the
gap between agglutinative and fusional languages
is reduced principally when training data is
equalised after accounting for encoding efficiency.
Recent work seeks to mitigate the disparity at
the encoding level, through morphology driven
byte encodings (Limisiewicz et al., 2024) and
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through parity constraints on the merge procedure
(Arnett et al., 2025). Zouhar et al. (2023) propose
Rényi efficiency of the subword distribution as
an intrinsic tokenizer quality measure, which we
adopt as the treatment variable in §5.2. These
studies characterise the inequality at the input and
at the output. The present work measures its effect
inside the network.

Wu and Dredze (2020) establish that multilin-
gual BERT performs substantially worse for low-
resource languages, and Blasi et al. (2022) quantify
the resulting global disparity in the utility of lan-
guage technology. Joshi et al. (2020) supply the
resource taxonomy from which we take the unla-
belled resource proxy. Our outcome measure fol-
lows the compression view of language modelling
(Delétang et al., 2024).

Graph and spectral analyses of transformers.
Graph signal processing (Shuman et al., 2013; Or-
tega et al., 2018) supplies the formalism we adopt.
Within transformer analysis, Dong et al. (2021)
show that pure attention converges doubly expo-
nentially to a rank-one matrix with depth, and Shi
et al. (2022) analyse over-smoothing in BERT by
identifying the attention matrix with a normalised
adjacency matrix. A separate line applies training
free spectral descriptors of the attention graph as
deployment diagnostics, for hallucination detection
(Noél, 2025) and for discriminating valid from in-
valid mathematical reasoning (No€l, 2026). These
studies establish that the descriptors we use carry
signal, but all operate within a single tokenizer,
where graph order varies only with content length.
The present work identifies the additional condition
required when the node set is itself the treatment,
and shows that under it most of the descriptor set
is inadmissible.

Clark et al. (2019) established the broader prac-
tice of reading attention maps as structure, and
Xiao et al. (2024) document attention sinks, which
motivate our reporting of /N-normalised alongside
raw quantities. Ethayarajh (2019) characterise the
anisotropy of contextual representations, which
supplies our strongest non-graph baseline. Wendler
et al. (2024) show that Llama models pass through
an English adjacent latent space in the middle lay-
ers. That is a depth specific claim of the kind we
found we could not support for our own effect (Ap-
pendix Q), and we cite it as related in subject rather
than as corroboration.

L. Robustness analyses in full

The twelve verdicts behind §5.4, and the checks
whose decision rules were fixed in writing before
the corresponding runs.

The eleven falsification analyses. Content cov-
erage, within language graph size sensitivity, phy-
logenetic non-independence with standard errors
clustered on 24 family branches, leave one lan-
guage out over all 60, Benjamini—Hochberg cor-
rection across all 792 fits, per-layer refitting, cross
model depth alignment, refitting within the Latin
script subset, substitution of an ordinal resource
band and of total edit count as a second proxy,
ceiling normalisation, and tokenizer statistics as
competing explanations. These analyses produce
twelve verdicts because depth binning yields sep-
arate mid- and late-depth claims. Eleven of the
twelve verdicts preserved the relevant conclusion.
The single falsification is substantive and is re-
ported in §5.1: the late-depth association is content
coverage and is withdrawn.

The pre-specified adversarial analyses. A sec-
ond set of checks used decision rules fixed in writ-
ing before the corresponding runs. Several changed
a conclusion we would otherwise have stated, in-
cluding the within-family null and the peak position
test. Each is reported where it bears rather than col-
lected as post-hoc reassurance. Table 9 lists the
named checks that are described here.

Table 9: Named pre-specified adversarial checks.
“Changed” marks an analysis whose recorded outcome
altered a conclusion we would otherwise have stated: a
withdrawn claim, a narrowed one, or a headline statis-
tic replaced. It does not mark an analysis that merely
returned a smaller number than expected.

Analysis Outcome Changed
Untrained control association not reproduced no
Free permutation null free null too permissive yes
Node set refinement HFER, A drift 114/83% yes
a-path identification R? = 0.059, VIF 1.06 no
Truncation censoring denominator selected on treatment yes
Model size stability mid-band and concordance fail yes
All mediator BH screen three mediators survive yes
Citation and anonymity clean no
Stratified nulls 84% family reproducible yes
Mediator first PC common factor does not mediate no
Peak position not identified, withdrawn yes
p sweep 0.1 not worst cutoff no
Grid resolution peak agreement is grid sensitive yes
Depth heterogeneity dispersion clears nulls no
Maximum statistic stability bootstrap SD 0.019 no
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Table 10: Coverage control alters the estimate, and
does so differently at each depth. Standardised HFER
slope on the resource axis, matched scope, 60 languages,
clustered errors. Retained is the controlled coefficient
over the uncontrolled one. Both mid-depth estimates
attain p < 1073, The 1B late-depth estimate is not
significant after control and is not claimed.

Depth Model Raw  +Coverage Retained
mid 1B +0.315  +0.323 102%
mid 3B +0.191 +0.087 45%
late 1B —0.348  —0.033"* 9%
late 3B —0.257 —0.113 44%

M Coverage collinearity

Coverage is substantially collinear with the remain-
ing controls, correlating at approximately 0.58 with
the resource axis, with script, and with NLL. Enter-
ing it alongside the full control set yields VIF 8.6
for coverage and 5.8 for the resource axis, inflating
the standard error of the latter by a factor of approx-
imately 2.4 through adjusters that are collinear with
the quantity being adjusted, and the matched design
already neutralises most of them by construction.
For the binned coverage check, we therefore use a
minimal specification (resource axis plus coverage,
VIF = 1.5) and report the saturated specification
alongside it. The two agree except on the 3B mid-
depth cell, where the saturated specification yields
p = 0.11. We report the disagreement rather than
select the specification that resolves it.

N Corpus screening

Two failure modes of this proxy are screened
in code. Cebuano reports 6,115,373 articles at
6.1 edits per article, consistent with bot gener-
ated stubs, and would otherwise enter as the
second most resourced language in the study.
Waray presents the same pattern. Separately,
als_Latn denotes Tosk Albanian in Belebele,
whereas als.wikipedia.org reports lang=gsw
and is the Alemannic German wiki. Both are ex-
cluded. A fixed edits per article threshold was eval-
uated first and rejected, as it also flags Hausa and
Burmese, which are genuine low-resource wikis.
The adopted screen instead tests whether article
count and total edit count rank the inventory con-
sistently, with a maximum rank shift of 10 of 60.

O Refinement, generators and the cutoff
fraction

The effect is generator dependent, which matters
for both its interpretation and its direction: HFER
rises 114% under a block community graph and
103% under sink plus uniform, and falls 28% under
a banded one, so no monotone correction calibrates
it away. Most of the movement occurs by k = 4,
inside the empirical fertility range. The Ay drift is
almost entirely the sink generator (0.992 — 0.167),
with the banded case flat to four decimals, and
sink plus uniform is the applicable regime, since
attention graphs are sink dominated (Xiao et al.,
2024).

Dependence of the drift on the cutoff fraction.
HFER is defined by a cutoff on mode index, so
the drift above is a function of p, and p = 0.1 was
chosen for consistency with the extraction pipeline
rather than on any principle. Sweeping it (Table 13)
shows the drift grows monotonically as p shrinks
(1.811 at p = 0.02 against 1.140 at our 0.10), so
our reported figure is 63% of the worst case and not
adversarially chosen. There is no p at which HFER
becomes refinement invariant: the drift still exceeds
0.5 at every p < 0.20 and is 0.425 at p = 0.50.

The artefact runs against our result, so our es-
timate is conservative. The applicable generators
drive HFER up under refinement, and refinement
corresponds to higher fertility, hence to lower re-
source languages. Our finding is a positive resource
axis slope: higher resource, less fragmented lan-
guages carry more mid-depth high-frequency en-
ergy. An uncorrected refinement artefact would
therefore raise HFER for exactly the low-resource
languages, flattening or reversing the slope we re-
port rather than manufacturing it. Were the artefact
operating in the content scope, the true effect would
be larger than the measured one. This holds across
the sweep: block and sink drift stays positive for
every p < 0.30 (Table 13), so the direction of the
argument does not depend on the cutoff.

P Truncation censoring of the modelling
quality outcome

One detail of the derivation is worth reporting as
a failure mode that generalises. A passage exceed-
ing the token cap has surprisal measured over its
truncated prefix but a character count covering the
whole passage. The two available derivations ei-
ther drop such items or match their denominator to
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the prefix. Dropping them is wrong here: which
passages truncate is determined by fertility, so the
exclusion correlates with the treatment (—0.33 with
the resource axis). It removes items from 12 of 60
languages, over 70% from seven of them, and all
items for Burmese, which would otherwise have
no modelling quality measurement at all. Match-
ing the denominator to the scored prefix retains
every item. It moves no language by as much as its
own between item standard deviation, but moves
20 of 22 affected cells in the same direction, so the
bias removed is systematic rather than noise. Bits
per character was adopted precisely to be tokeniza-
tion invariant, and the sampling had reintroduced a
tokenization dependence behind it.

Q Identifiability of the peak position

We initially tested whether the argmax of the per-
layer profile sits at an unusual relative depth. That
question has no null hypothesis, and the reasoning
is recorded here because the construction recurs.
An argmax always exists. Under a null that re-
moves the effect it is approximately uniform over
the grid, so with 12 points every position carries
probability ~ 1/12 and no position can be surpris-
ing without a prior privileging one. Our free permu-
tation arm returned 21.5% of draws within one grid
step of the observed peak, against 3/12 = 25.0%
under exact uniformity: it reproduced the uniform
prediction. The statistic can neither reject nor fail
to reject.

The within-family arm is worse, because it in-
verts the logic. Within-family permutation pre-
serves 84% of the effect’s magnitude, hence ev-
erything downstream of the magnitude, including
where the profile peaks. That 94.8% of within-
family draws peak near the observed position re-
states the confound between family and resource
level rather than testing anything. The diagnostic
tell is that, for peak position, the family null was
five times tighter than the free null and centred
on the observed value, the signature of a null that
obscured nothing.

Pre-specifying a decision rule prevents post-hoc
rescue. It does not certify a statistic. We withdraw
the position claim on the grounds of P2 and of its
grid dependence (Table 11), not on this argument,
and we claim depth heterogeneity instead (§5.1),
which is identified without a privileged position.

Table 11: Cross model peak agreement is an artefact
of grid resolution. Chance exact agreement exceeds the
uniform expectation at every resolution, because smooth
profiles co-locate. The observed agreement holds at 12
and 16 points but not at 8, where the peaks differ by
more than half the depth range.

Grid observed gap chance agree. uniform
8 points 0.571 19.6% 12.5%
12 points 0.000 11.9% 8.3%
16 points 0.000 10.5% 6.2%

R Stability of the maximum statistic

Our headline is a maximum over layers, the most
sample sensitive kind of statistic, so we bound its
sampling variability with a bootstrap over the 50
parallel passages (200 draws, resampled with re-
placement, and each drawn passage carries all 60
languages, which is the correct resampling unit for
a parallel design). The 1B gives 0.6768 +0.0193
around an observed 0.6757, 95% [0.636,0.713].
The 3B gives 0.6939 +o0.0105 around 0.6932, 95%
[0.674,0.712]. The bootstrap SD is 41% and 21%
of the corresponding family null SD and the whole
interval lies above the family null’s 95th percentile,
so the headline is not sample driven. This mea-
sures item level variability only: it resamples the
existing passage pool and cannot see variance from
passages absent from it, so it is not a substitute for
a fresh draw.

S Node set refinement sweep

The construction referenced in §3.2. Each node
of a base graph of order M = 64 is split into k
children with a per-parent child weight profile, giv-
ing W(i,a),(j,b) = WO’Z']'POSIZ)) with Eab POSIZ)) =k, so
that coarse-graining the child blocks recovers W)
exactly. Three base generators, kK = 1,...,8, seed
0. Signals are 768-dimensional, which exceeds the
largest refined node count Mk = 512. Had it not,
the signal dimension rather than N would bound
the effective rank and the ceiling the normalisation
assumes would not be the binding one.

Per-parent profiles are required rather than a
plain Kronecker product. A symmetric refinement
makes the refined spectrum exactly degenerate (up
to 87.5% of eigenvalues in tied clusters at k = 8),
and HFER is defined by a cutoff on mode index,
which is not well posed inside a tie. Under per-
parent profiles the measured degeneracy is 0.000 at
every k and every generator, and the figures below
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are from that regime.

Table 12: Drift under refinement with coarse
structure held fixed. Signed endpoint drift
(v(k=8) —v(k=1)) /|lv(k=1)| per generator, hetero
regime, and norm. is the same statistic after ceiling nor-
malisation, reduced by max | - |. HFER and A, satisfy
Proposition 1 and move regardless, a fixed range leav-
ing no ceiling to divide out. Normalisation repairs four
of the five failing descriptors but overshoots effective
rank' to —0.793.

raw, by generator

Descriptor block band sink norm. flat?
HFER +1.140 —-0.279 +1.028 1.140 yes
A2 —0.165 —0.000 —0.832 0.832 yes
Amax +0.000 +0.007 +0.000 0.007 yes
smoothness ~ +0.000 +0.000 +0.000 0.000 yes
spec. entropy +0.269 +0.189 +0.323 0.208 no
attn. entropy  +0.369 40.426 +0.542 0.087 no
eff. rank’ +0.654 +0.654 +0.654 0.793 no
energy +7.021 +47.022 +7.020 0.003 no
attn. distance  +7.005 +7.026 +6.998 0.003 no

Two rows in Table 12 are diagnostic of the tax-
onomy of §3.1. Effective rank' drifts identically to
three decimals under all three generators: the gen-
erator changes the graph and the descriptor does
not notice, which is what a residual stream quantity
computed without the Laplacian does by construc-
tion. It is also the one descriptor on which this
test and the cross scope test of Table 7 disagree
(§3.3). Energy and attention distance both drift by
about 7.0 because both are pure O(NN) accumula-
tors: forany f(k) = ck the endpoint drift is exactly
(8¢ — ¢)/c = T whatever ¢ may be, so the agree-
ment is arithmetic rather than shared code. Their
absolute values differ by four orders of magnitude,
42611 against 3.66 at k = 1.

Table 13: The refinement drift of HFER across cutoff
fractions. Signed endpoint drift, hetero regime, same
construction and seeds as Table 12, and the p = 0.10
row reproduces that table exactly. Our setting is shaded.

p block band sink  max
0.02 +1.811 +40.031 +0.849 1.811
0.05 +1.420 —-0.255 +1.092 1.420
0.10 +1.140 —-0.279 +1.028 1.140
0.15 +0.834 —0.403 +0.817 0.834
0.20 +0.557 —0.458 +40.617 0.617
0.30 +0.170 —0.498 +0.257 0.498
0.50 —0.028 —0.425 —0.000 0.425

T Full mediation table

The thirteen rows not shown as survivors in Table 2,
same specification throughout. None carries both
legs after Benjamini—Hochberg correction. Ceiling
normalised forms reproduce their raw counterparts
to three decimals, which is expected in the matched
scope where N is fixed and the correction divides
by a constant.

Table 14: Mediators that do not survive correction.
Leg failing correction given in the last column.

Mediator a b ab fails
attn. distance +0.166 —0.233 —0.039 «a
attn. entropy —-0.122 —-0.213 +0.026 «a
spec. entropy —-0.064 —-0.200 +0.013 «a
anisotropy —0.009 +0.293 —-0.003 a
energy +0.026 —0.149 —-0.004 a
resid. norm +0.014 —-0.151 —-0.002 a
smoothness —0.196 —0.151 +0.030 b
A2 +0.014 —0.226 —0.003 both
eff. rank (norm.) +0.646 —0.371 —0.240 n/a
spec. entropy (norm.) —0.065 —0.199 +0.013 «a
attn. entropy (norm.) —0.122 —-0.212 +0.026 «a
energy (norm.) +0.026 —0.148 —0.004 «a
attn. distance (norm.) +40.165 —0.231 —-0.038 «a

Row count, since it is checkable: eleven raw
descriptors plus five ceiling normalised forms is
sixteen candidate mediators. Three appear in Ta-
ble 2 as survivors (HFER, \..x, effective rank).
Smoothness and A2 appear there too, as the two
non-survivors most likely to be expected, and
the thirteen remaining rows are above, of which
smoothness and A9 are repeated for completeness.
Sixteen unique mediators, no omissions.

Dimensionality of the mediator set. Ten of
eleven b-legs are negative and eight lie between
—0.147 and —0.244, which invites the reading that
there is one factor from geometry to modelling
quality and the descriptors are noisy proxies for
it. If so, “three survive correction” would be one
finding plus a ranking of measurement noise. We
tested this directly. It is not what is happening,
although the descriptors are more correlated than
their count suggests.

The mediators are substantially correlated (mean
|r| = 0.385 off-diagonal) and two pairs are near-
redundant: Dirichlet energy with residual norm at
r = 0.995, and spectral entropy with anisotropy at
r = —0.98. But the space is not one-dimensional.
Four eigenvalues of the correlation matrix exceed
unity (4.19,3.70,1.50,1.01), the first principal
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component captures only 38.1% of mediator vari-
ance, and the first two together 71.8%.

PC1 does not mediate. Fitted as a single me-
diator under the identical specification, its a-leg
is —0.042 (p = .44) and its indirect effect is
—0.012, BCa 95% [—0.045,+0.021], spanning
zero. The tokenizer does not move the common
factor. Controlling for PC1 attenuates the three
survivors’ b-legs by 31 to 41% but does not ab-
sorb them (effective rank —0.363 — —0.250,
HFER —0.244 — —0.169). By contrast PC1
of the three survivors alone does mediate (ab =
—0.214, [-0.467, —0.033]), loading 40.78 on ef-
fective rank.

The reading we adopt: what the tokenizer moves
is a specific direction in mediator space, well ap-
proximated by effective rank, and not the domi-
nant axis of variation among the descriptors. The
uniform negativity of the b-legs is real but re-
flects a shared outcome rather than a shared cause.
Normalised effective rank survives with its raw
counterpart and is counted as the same descriptor,
not a fourth. Two further robustness checks: the
same three descriptors survive whether correction
is applied over the eleven raw descriptors or all
sixteen, and refitting on the censored modelling
quality outcome (dropping truncated items rather
than matching the denominator, 59 languages)
changes no verdict, with HFER at ab = —0.036
[—0.077,—0.008].

U Permutation nulls

All nulls permute the resource axis across the 60
language labels and broadcast the permuted value
back onto every row of a language. Covariates stay
attached to their own language. Permuting rows
independently would break the clustering that fixes
the effective sample at 60 rather than ~90,000 and
would yield a null far too tight. 1000 draws, seed
0, matched scope.

The strata behind Table 16 are uneven. Fam-
ily gives 24 strata with 49/60 languages in a per-
mutable one and 11 singletons. Script gives 22
strata with 42/60 permutable and 18 singletons.
Singletons contribute no permutation, so the script
null rests on less freedom than the family null de-
spite its wider margins.

The shaded rows carry the substantive limitation.
A free permutation gives a null mean of ~ 0 for
this statistic. Holding family fixed gives +0.333,
which is 84% of the observed +0.395. Most of

Table 15: Label permutation nulls for the per-layer
profile. p = 0.0010 is the Monte Carlo floor at 1000
draws with finite permutation correction.

Model Statistic obs. null mean + sd P
1B mid-depth slope  4-0.395 +0.000 +0.068 .0010
1B max |3 +0.676 40.167 +£0.050 .0010
1B lag-1 autocorr. +0.349 +0.295 +o0.210 .408
3B mid-depth slope  +0.108 +0.001 £0.035 .0020
3B max |3 +0.693 +0.194 +0.053 .0010
3B lag-1 autocorr. +0.507 40.388 +£0.247  .366
pair sign concordance  0.583 0.593 £0.135  .657

Table 16: Stratified nulls give a much stronger family
constraint than script constraint. The resource axis
is permuted only within a stratum, so that stratum’s
structure survives every draw. “reach” counts draws
attaining the observed value.

Stratum Model obs. null mean + sd reach p

per-layer mid-depth slope

family 1B +0.395 +40.333 £0.025 11 .0120
family 3B +0.108 +40.073 £ 0.022 62 .0629
script 1B 4+0.395 —0.036 +0.075 0 .0010
script 3B +0.108 +0.022 +0.031 2 .0030
peak layer slope (max |3|)

family 1B 4+0.676 40.486 +0.047 1 .0020
family 3B +0.693 +0.497 £ 0.060 1 .0020
script 1B +0.676 +0.207 £ 0.046 0 .0010
script 3B +0.693 +40.224 +0.057 0 .0010

what the free null credits to the resource axis is
family aligned. The 3B falls inside its family null
at the conventional threshold, so for that model
the resource axis reading is not supported once
phylogeny is held fixed.

Script and family as strata. The two stratifi-
cations behave very differently and the reason is
not the singleton count. Script has more frozen
singletons (18 vs 11), which if anything would
pull its null toward the observed value. What
matters is how much resource variance survives
within strata. Family branches are resource ho-
mogeneous: 7% = 0.701, so 70% of the variance
in log Wikipedia size lies between branches, and
mean within-branch variance is 0.262 against a to-
tal of 0.714. Shuffling inside a branch therefore
barely changes the labels. Script groups are not:
n? = 0.279, the largest stratum is Latin with 31
of 60 languages spanning English to Yoruba, and
mean within-stratum variance is 0.735, higher than
the total. Shuffling within script is close to shuffling
freely, which is why that null sits near zero. This
also explains why the family test is the punishing
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one: family and resource level are 70% collinear
at the stratum level in any natural sample of lan-
guages.

Table 17: Peak position against its nulls. The observed
peak positions coincide at relative depth 0.364. P2 tests
whether that coincidence exceeds chance, as the cross
model gap on the 12 point grid, with an observed value
of 0.000. “match” is the share of draws reproducing the
observed position (P1) to within one grid step, or the
observed gap (P2).

Null Statistic null mean + sd match P

free  P1 (1B position)  0.403 +£0.323 21.5% n/a
free  P1 (3B position)  0.489 +0.330 18.2% n/a
free P2 cross model 0.314 +0.267 11.9% .120

family P1 (1B position)  0.407 +0.091 94.8% n/a
family P1 (3B position)  0.402 £0.152 93.9% n/a
family P2 cross model 0.082 +0.134 45.5% .456

Table 17 is why §5.1 claims amplitude rather
than position. Note the family null’s spread
(£0.091) is a fifth of the free null’s and its mean
(0.407) sits beside the observed 0.364: within fam-
ily the peak lands where we observed it whatever
the labels. Note also that P2 does not clear even
the free null: with 12 grid points and profiles that
are smooth by construction, two models peaking at
the same point is a 1-in-8 coincidence.

The autocorrelation rows are why the shape of
the profile is left uninterpreted. Permuted labels
already yield smooth profiles, because adjacent lay-
ers are fitted on nearly the same observations. The
concordance row is why the two plotted models
are not presented as replicating that shape. The
dispersion rows in Table 1, not the mid-depth or
peak position rows, are what the depth claim in
§5.1 rests on.

We note one further use of these nulls. A statistic
defined by reading a template off an observed pro-
file and then testing that profile against the template
is circular, and we found no non-circular construc-
tion of the “phase sequence” statistic we had orig-
inally intended. Lag-1 autocorrelation is reported
in its place because it is template free.
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