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Abstract

Group Relative Policy Optimization
(GRPO) is a promising policy-based
approach for Large Language Model align-
ment, yet its performance is often limited by
training instability and suboptimal conver-
gence. In this paper, we identify and analyze
two main GRPO issues: (i) the token-level
penalization, where valuable tokens shared
across different responses receive con-
tradictory feedback signals, leading to
conflicting gradient updates that can reduce
their likelihood; and (ii) the policy collapse,
where negatively rewarded completions
may penalize confident responses and
shift model decisions toward unlikely
tokens, destabilizing training process. To
address these issues we introduce GTPO
(Group-relative  Trajectory-based Policy
Optimization), which prevents conflicting
gradients on valuable tokens by skipping
negative updates while amplifying positive
ones and filters out completions whose
entropy exceeds a provable threshold, to
prevent policy collapse. By omitting KL-
divergence regularization, GTPO eliminates
the reference model while achieving supe-
rior stability and performance over GRPO
and DAPO. Extensive evaluations across
GSMSK, MATH, R1, AIME 2024-2025,
AMC 2023, and MMLU validate these
gains. The code is available here.!.

1 Introduction

Recent advances in the training of large language
models (LLMs) have led to the use of policy-based
optimization methods, where the model is treated
as a policy that is updated to better match hu-
man preferences. Methods such as DPO (Rafailov
et al., 2023), RLHF (Ouyang et al., 2022), and
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RFT (Yuan et al., 2023) follow this idea: they col-
lect human or heuristic feedback on model outputs
and use it as a reward signal to increase the like-
lihood of preferred or desired responses. Group
Relative Policy Optimization (GRPO) (Shao et al.,
2024) is a more recent RL-based method that
builds on PPO (Schulman et al., 2017) but re-
moves the need for a separate critic network,
i.e., the value function estimator. GRPO com-
pares multiple completions for the same question,
each consisting of natural-language reasoning fol-
lowed by the final answer, and computes advan-
tages from their relative rewards based on com-
pletion correctness and formatting quality. The re-
wards are computed using RL with Verifiable Re-
wards (RLVR) (Shao et al., 2024), ensuring that
they are deterministic and verifiable.

Despite the improvements introduced by
GRPO, there are two key issues identified and
analyzed in this work: (i) undesired gradient
conflicts affect potentially correct tokens shared
across multiple completions of the same group
that receive both positive and negative advan-
tages, and (ii) a policy collapse phenomenon,
defined as a degradation in policy performance
during training, in which negatively rewarded
completions may penalize confident responses
and flatten tokens likelihood distribution, shifting
model decisions toward unlikely tokens.

To address these issues, we propose Group-
relative Trajectory-based Policy Optimization
(GTPO), which treats the sequence of generated
tokens (i.e., the completion) as a trajectory of de-
cisions taken by the LLM policy. The core idea
behind GTPO is to control gradient conflict and
entropy explosion while keeping the average out-
put entropy from becoming too low, so that ex-
ploration is not prematurely suppressed. To do
so, GTPO applies a conflict-aware gradient cor-
rection mechanism that mitigates gradient con-
flicts on shared tokens, particularly in the ini-

225¢

Transactions of the Association for Computational Linguistics, vol. 14, pp. 2258-2280, 2026. https://doi.org/10.1162/TACL.a.800

Action Editor: Dilek Hakkani-Tur. Submission batch: 5/2025; Revision batch: 12/2025; Published 8/2026.
(©2026 Association for Computational Linguistics. Distributed under a CC-BY 4.0 license.
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tial and final parts of completions, thus preserv-
ing consistency across trajectories. Furthermore,
we show that while the Kullback—Leibler (KL)
divergence of GRPO often reacts too slowly in
preventing policy collapse, monitoring the aver-
age entropy of the output tokens distribution of-
fers a clearer signal of training instability. Build-
ing on this, entropy-based regularization terms are
applied in GTPO to control the exploration of tra-
jectories in the same group, also filtering out com-
pletions (regardless of their corresponding advan-
tage) whose entropy exceeds a provable threshold.
In this way, GTPO prevents the penalization of im-
portant tokens and mitigates policy collapse, im-
proving both the formatting and accuracy of gen-
erated completions. Moreover, GTPO removes the
KL divergence term used in vanilla GRPO, avoid-
ing the reference model (Shao et al., 2024) and
making training faster. In summary, the contribu-
tions of the work are:

* We identify two critical issues in GRPO: (i)
gradient conflicts on tokens shared across
completions within the same group, and (ii) a
policy collapse phenomenon that exposes the
limitations of the KL term.

* We introduce GTPO, a novel policy-based
optimization that addresses the previous is-
sues via conflict-aware gradient corrections
and entropy control.

* We validate GTPO on mathematical reason-
ing tasks across multiple models and bench-
marks, showing consistent gains over GRPO,
DAPO (Yu et al., 2026), and SFT, improved
training stability, and stronger in- and out-of-
distribution performance.

The paper is structured as follows: Section 2 re-
views related work, and Section 3 introduces key
preliminaries. Section 4 analyzes GRPO’s limita-
tions, while Section 5 presents GTPO approach.
Section 6 reports experimental results, and Sec-
tion 7 concludes the paper.

2 Related Work

Reinforcement Learning in LLMs. RL has been
widely adopted in decision-making tasks (Mnih
et al., 2016, 2015; Berner et al., 2019), and nowa-
days is increasingly applied to the alignment and
fine-tuning of LLMs. A prominent approach is RL

from Human Feedback (RLHF), introduced in In-
structGPT (Ouyang et al., 2022), and further de-
veloped by Anthropic (Bai et al., 2022). RLHF has
become central to the training pipelines of state-
of-the-art LLLMs such as Claude 3 (Anthropic,
2024), Gemini (Anil et al., 2023), and GPT-4
(OpenAl, 2023). It typically includes supervised
fine-tuning, a reward model, and the adoption of
Proximal Policy Optimization (PPO) (Schulman
et al., 2017). Here, PPO improves training stabil-
ity by constraining updates through a clipped sur-
rogate objective, offering a more practical alterna-
tive to Trust Region Policy Optimization (TRPO)
(Schulman et al., 2015). However, it remains sen-
sitive to reward scaling and can suffer from train-
ing instability (Wang et al., 2019; Garg et al.,
2021; Moalla et al., 2024), requiring multiple re-
finements (Huang et al., 2022). Therefore, multi-
ple variations have been proposed over the years,
such as TRGPPO (Wang et al., 2019), alphaPPO
(Xu et al., 2023), and PPO-ALR (Jia et al., 2024).

Advancements and Limitations in GRPO. To
overcome the need for a critic model, Deepseek
introduced GRPO (Shao et al., 2024; Guo et al.,
2025), an approach that, given a question, com-
pares multiple responses (completions) to derive
relative rewards. GRPO demonstrates state-of-the-
art performance on math benchmarks and achieves
human-like alignment without relying on explicit
manual feedback or critic networks (Li et al.,
2025). Despite its promise, potential limitations of
GRPO have been recently emerged, as bias effects
(He et al., 2025), gradient imbalance (Yang et al.,
2025b), which lead to undertraining of rare yet
informative tokens (Liu et al., 2025), and degra-
dations (or even collapse) of model performance,
like in PPO (Dohare et al., 2023). Recently, Group
Sequence Policy Optimization (GSPO) (Zheng
et al., 2025) has been proposed as a GRPO vari-
ant that performs sequence-level optimization to
improve stability and efficiency, while coincid-
ing with GRPO at the first iteration. Similarly,
DAPO (Yu et al., 2026) provides another alterna-
tive to further refine policy optimization strategies.

We identify two key issues in GRPO: token-
level penalization and policy collapse, for which
we show that KL divergence provides limited
protection, while entropy-based analysis offers
clearer corrective signals (Cui et al., 2025). These
insights motivate GTPO, which improves stability
and performance during training and evaluation.
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3 Preliminaries

During training, given an input prompt g, the sam-
pling LLM 7y, (- | ¢) generates a group of G

completions {0;}$ ,, where each completion con-
sists of tokens denoted by o; ;. Each completion
receives a scalar reward R;, combining accuracy
and formatting verifiable scores. These rewards
are then normalized into advantages A; = (R; —

R)/std(R), where R and std(R) denote the mean
and standard deviation of the R; values within the
group GG. The GRPO objective is:

G
1 _
Joreo(0) = Eq (0,1 {G E Ci—p- DKL(TF0|7Tref):| ,
im1

(1
where Dxp(mg||mrer) refers to KL divergence
scaled by 3 and C; is the average over tokens:
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where the importance sampling ratio is defined as:

7F9(0i t|8i t)
r: — > >
z,t(g) Ty (0i,t]Si,t)

the parameters of the current policy being opti-
mized and the policy that generated the comple-
tions (Schulman et al., 2017). The state at step ¢ is
sit = (¢, 0i<t), with 0; <, denoting the sequence
of tokens generated before step ¢ for completion .
The policy 7y is obtained from logits fy via
79(0is | si4) = softmax(fg) € RV, where V is
the vocabulary size. The KL term in Eq. (1) penal-
izes deviations from a reference policy ¢, scaled
by . For clarity, in the gradient expression we
omit the clipping and keep only the dependence
on the ratio r;; (full derivation in App. 9.1). Un-
der the standard policy-gradient approximation,

where 6 and 0,4 denote

VeTcreo(0) = Ey (0.}

1 & (A &
EOL ) o7
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Where the token-level contribution g; ; depends
only on the ratio and on the policy gradient:
git = Ti,t(g) Vg log 779(0z‘,t ’ Sz‘,t) 4

Writing g; ; in terms of logits, let j be the index of
0;,¢, with probability 77; then

Vef(.) 1 — 7T9

—> T Vofy

k#j

git = T4 t( ) )

A positive normalized advantage fli > ( increases
the logit of the selected token (scaled by r; ;) while
decreasing those of its alternatives; negative ad-
vantages have the opposite effect.

4 GRPO Issues

We highlight two major limitations of GRPO:
token-level penalization and policy collapse.

4.1 Token-level Penalization

In this section, we show that GRPO can negatively
affect updates to tokens shared across completions
in the same group, even when those tokens are cru-
cial for maximizing reward.

Prefix Tokens Penalization. Given a prompt ¢,
the model generates a set of completions {0;}$ |,
which may begin with the same sequence of to-
kens and then diverge at a specific point, a token
that acts as a crossroads. This behavior is typi-
cal in instruction-tuned models, where early to-
kens tend to be similar across completions (Wang
et al., 2024). However, not all completions in the
group G necessarily share the same prefix. In prac-
tice, we often observe multiple distinct prefixes,
each shared by a subset of the completions. To
model this, we partition the G completions into
K disjoint groups G, ..., Gx so that all comple-
tions in a group G have a common prefix S;Sfx)
If all G completions share the same prefix, then
K = 1. Tokens in Sé]fgx) are affected by the com-
bined advantages of all completions in the group,
while other tokens only depend on the advantage
of their own completions. Under this structure, we
rewrite the GRPO gradient (Eq. 3) by summing the
contributions of all groups, where each group con-
tributes a prefix term and a set of individual terms.
The gradient, excluding the KL term, becomes:

1K
a2

k=1

VoJorro(0) = Ey (0.}

(6

1€G
(k)

o) |

The term A(ﬁz represents the gradient update
associated w1th the shared prefix of group Gy. If
a completion does not share any prefix with oth-
ers, then G contains only that single completion,

resulting in Sé?x) = () and Agg = 0. Since the log-

probability terms g; ; are identical and so constant

)

j¢s (k)
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across completions in the group SI()E?, the gradi-

ent component Apgy is primarily driven by the sum
of normalized advantages ;¢ .Ai/|o;|. This im-
plies that the update to a prefix mainly depends on
the relative balance of advantages across all com-
pletions in group k. For instance, the sum can be
negative, when correct completions (with positive
advantages) are generally longer than incorrect
ones. In such cases, the denominator |o;| for the
correct completions becomes larger, reducing their
contribution to the overall gradient. As a result, the
model may be penalized for generating desirable
and beneficial prefix tokens. This introduces a bias
against shared initial tokens, such as formatting to-
kens or reasoning tags (<reasoning>), essen-
tial for the response structure and correctness.

Dependencies From Completion Advantage.
GRPO can also induce undesirable penalization on
tokens that appear after the prefix. Certain tokens,
in particular formatting ones, may occur in mul-
tiple completions at varying positions and within
different contexts, some correct, others incorrect,
making them more susceptible to inconsistent and
potentially harmful updates. This induces poten-
tial issues in the update. For instance, if a token
T frequently appears in completions with nega-
tive advantage, its probability may be reduced,
even if the token is syntactically correct and re-
quired. Additionally, further issues can arise when
a completion only partially follows the expected
format. For example, if a completion closes a
first part correctly with a formatting token 7 (e.g.
</reasoning>) but then omits <answer>, 7
may receive a low or even negative reward. This, in
turn, penalizes </reasoning>, despite it being
a correct token in the completion. This occurs be-
cause the update for each token primarily depends
on the advantage assigned to the entire comple-
tions in which it appears, without directly consid-
ering whether the token’s individual contribution
was beneficial. This phenomenon is especially im-
pactful for formatting tokens and shared final to-
kens (common suffix) across completions.

4.2 Policy Collapse

The GRPO gradient, Eq. (3), highlights a depen-
dency on both the advantage and the probabil-
ity scores assigned by the policy my. To gain a
deeper understanding of how the advantage influ-
ences the learning dynamics, we analyze the av-
erage Shannon entropy of the output distribution

g over completions ¢ and tokens ¢ during train-
ing. The Shannon entropy is defined as H(p) =
- Z?Zl pjInp;, where p is a probability vector.
For a token position ¢ in a completion o;, we con-
sider p = mg(0;¢|si¢), and we define (H); as the
average entropy across in the completion o;. At
a generation step, let us consider a low entropy
(e.g., (H); < In2) 2, indicating that the model
is highly confident, i.e., it assigns almost all prob-
ability mass to a single token index j, with ) ~ 1
and 77{,? ~ € < 1, where k # j. If this token leads
to a negative outcome (A; < 0), GRPO penalizes
it sharply, since the gradient of the GRPO loss at
index 7 for completion 7 becomes:

|Ai|
Vol )~ |1
i for k # j

|o]
O]
Note that the KL term has been omitted here, its
contribution will be addressed next. Both 7, ;(6)
and r;;(0) are equal to 1 at the first iteration and
remain approximately 1 in the subsequent ones.
This results in a negative update for the selected
token j, and small positive updates for all other
tokens k # 7, even if they are potentially syn-
tactically or semantically incorrect. While each
of these positive updates is small, they can accu-
mulate over time, gradually increasing the prob-
ability of initially implausible tokens. The effect,
necessary for exploration (Cui et al., 2025), can
be further amplified by GRPO’s zero-mean con-
straint (the average of the advantages of the group
A = 0): when most completions receive posi-
tive rewards, the few with negative rewards must
carry disproportionately large negative advantages
to maintain balance. These penalties can suppress
correct predictions and unintentionally amplify the
likelihood of undesirable alternatives, raising en-
tropy and introducing instability. Over time, this
harms output quality and increases the risk of in-
troducing structural and semantic errors that prop-
agate through subsequent training steps. As the
model drifts away from desirable behaviors, the
reward signal becomes less meaningful. This phe-
nomenon, which describes when high entropy can
be harmful in GRPO, is illustrated in the top plot
of Figure 1, which shows the average formatting
reward during the training of LLaMA 8B (Patter-

T.i,i(g)vefg -(1—¢) foryj

Tka(G)nggk - €

% An average entropy close to In 2 indicates that the model
is choosing between two equiprobable tokens at each step.
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Figure 1: GRPO training of LLaMA 8B on GSM8K
G = 8 comparing 3 = 0.04 and 3 = 107, Plots show
formatting reward (top), average entropy (middle), and
KL divergence (bottom).

son et al., 2022) on GSMS8K (Hendrycks et al.,
2021a), using GRPO with 5 = 0.04 (as originally
proposed in (Shao et al., 2024)) and 5 = 1075,
At the beginning, the formatting reward increases
more rapidly with 8 = 1075, while it remains rel-
atively flat with 8 = 0.04. However, in both cases,
the reward begins to drop below 9, after 580 steps
for 3 = 10~° and around step 750 for 3 = 0.04.

KL Reacts Late to Avoid Collapse. Middle and
bottom plots of Figure 1 show the average en-
tropy (H ); and average KL divergence, computed
on the generated completions, for the two previ-
ous training runs of LLaMA 8B. Both KL diver-
gence curves remain stable up to approximately
step 1200, well after the degradation points, when
the formatting rewards have already collapsed and
entropy levels are high. Only around the KL peak,
the reward curves show signs of stabilization. In
contrast, the entropy curves begin to rise sharply
as the formatting rewards start to decline, and con-
tinue to increase as the rewards deteriorate further.
This suggests that the KL divergence acts as a de-
layed corrective signal, rising only after collapse.
In contrast, entropy tracks the policy collapse in
real time, increasing as the policy loses structure.

5 Method

This section presents GTPO, which mitigates gra-
dient conflicts and prevents policy collapse.

5.1 Conflict-Aware Gradient Correction

As discussed in Section 4.1, shared tokens often
suffer from gradient conflicts due to mixed advan-
tages. To address this, we selectively mask gradi-
ent updates for these conflicting tokens. First, we

Completion IDs Forward Mask Backward Mask Final Mask
1[2]3[alo]  [i]i]o]o[o 0 0011 [1]of1]1]
1(2{5(6/7 11ﬂ00 00000 (1[1]oo]o
2[23[6[9|=>[0]o]o]o]o] OR [0]ol0/0[1 == [o]o[o]o]1
[o[3[i]4]9 1{1]ofolo ofofof1 1 1fol1]t
0(3]s[s]s 1/1]ofo]o ofofolo]o] 1]1fo]o]o]

[ Positive Advantage [ Negative Advantage

Figure 2: The numbers in the Completions represent
token IDs, with mask values of 1 identifying conflict
tokens and 0 indicating non-conflict ones.

define conflict tokens as tokens sharing the same
token index (ID) that appear at the exact same
position, either from the beginning or the end,
across completions with positive and negative ad-
vantages (Figure 2). As discussed in Section 4.1,
these tokens often receive conflicting gradient up-
dates during training. Then, we mitigate such con-
flicts by correcting their gradient accordingly.
Conflict tokens definitions. Let {0;}, be a
group of completions. Each completion o; con-
tains a sequence of tokens {oi,t}l‘/o:i'l, and is associ-
ated with an advantage value A®) € R. We define
G~ and G as the sets of completions with A < 0
and A > 0, respectively.

Left-to-right alignment. A token v € V is a for-
ward conflict token at position p if it appears at the
same position in at least one completion with pos-
itive advantage and in at least one with negative:
JieGT:o,,=v A FjEG :0j,=1.
Right-to-left alignment. A token v is defined as a
backward conflict token at offset r if it occurs at
the r-th position from the end in at least one com-
pletion with a positive advantage and in at least
one with a negative advantage:

Jie Gt A 3jeG

D04 jos|—r =V t O Joj|—r = V-

Gradient Reweighting with conflict masks. We
construct binary masks for tokens across comple-
tions to target positions potentially affected by
gradient conflicts and thus correct their updates.
An illustration of the following procedure is pro-
vided in Figure 2. We first define a forward mask
M € {0, 1}1°:] by scanning o; from left to right,
setting 1 over the first contiguous span of forward
conflict tokens and O elsewhere. The backward
mask MEW is obtained by scanning from right to
left, marking the first contiguous span of backward
conflict tokens. A final mask M is then defined
as: M; = M v MPY highlighting only the
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Figure 3: Creation of token advantages in GTPO

initial and final conflict regions in each comple-
tion o;. After computing each M;, we correct in-
consistent gradient updates over the selected con-
flict tokens, while leaving other token updates un-
changed, through a token-level loss:

|oi]

1A
‘7 q,{o:} G ;:1: ‘07,| ;1 rz,t)\z,t (8)

where )\; ; controls the update of each token based
on its conflict position and the sign of A;:

1 if M =0,
Aig =40 if M;;=1and A4; <0, (9)
2 if M@t =1land A4; > 0.

As shown in Fig. 3, the mask disables nega-
tive gradients on conflict tokens, reinforcing them
only within positively rewarded completions. The
total signal magnitude is preserved across the
group: since ) ot [Ail = D icq- [Ail, dou-
bling the signal for positive completions compen-
sates for the removed negative updates, ensuring
training stability and preventing semantic drift.
Conversely, outer spans typically correspond to
formatting tags, which is the primary source of
conflict in GRPO (Section 4.1). From a compu-
tational perspective, this masking mechanism in-
troduces minimal overhead, bounded by a spatial
and temporal complexity of O(G?L), where L is
the maximum sequence length. Full derivations of
the weighting scheme and formal complexity anal-
yses are provided in Appendices 9.2 and 9.3, re-
spectively, while empirical benefits are evaluated
through ablation studies (Section 6.4).

5.2 Entropy Control

As discussed in Section 4.2, GRPO can lead to
policy collapse, where standard KL term may react
too slowly. To address this, we propose entropy-
based regularization terms during training. These

consist of two key parts: (i) a filtering mechanism
to discard unstable completions, and (ii) a regular-
ization term that penalizes high-entropy behavior.
Completion filter. Based on the policy-collapse
analysis, high-entropy completions can jeopardize
training by signaling structural uncertainty. Ap-
plying gradients to them risks accelerating col-
lapse. To mitigate this, we filter out these unsta-
ble completions using a threshold of In 2 ~ 0.69,
which mathematically represents a "coin-flip” un-
certainty between two equiprobable tokens. * Let
(H); denote the average token entropy of the i-
th completion, and let (H ), represent its over-
all average prior to training over a small sample
set. If (H)ini < In2, we assume the model natu-
rally produces low-entropy (stable) outputs, mak-
ing it highly sensitive to derailed trajectories. In
this case, we apply an entropy-based mask J; to
filter out the advantage signals of completions ex-
ceeding the threshold:

1, if <H>m1 > In2,
6 =10, if (H)in; <In2and (H); >1n2, (10)
1, if (H)ini <In2and (H); <In2.
Entropy Regularization. Inspired by

PPO (Andrychowicz et al., 2021; Huang et al.,
2022), we add a regularization term based on
the average tokens entropy of each completion,
(H);, where ~ balance the importance of this
term in the final loss, as shown below. Note that,
based on the internal characteristics of GRPO to
implicitly increase entropy over time, we decided
to minimize the term. This acts as a way to reduce
the model entropy over time. The combination of
these entropy-based strategies and the token-level
loss defines the final GTPO objective, as:

[o;]

a
1 0i - (A —~v - (H);
Jareo = Eg (0} el E ( 7 (H)s) E Tt Nit
i=1 =1

|os

an

Unlike vanilla-GRPO (Shao et al., 2024), the
GTPO objective omits the KL divergence term and
the reference model, enabling faster and lighter
training. Although previous works (Hu et al.,
2025; Liu et al., 2025) attempted removing this
term from GRPO, our experiments (Section 6)

3We treat In2 as a conservative hyperparameter balanc-
ing exploration and stability: higher thresholds allow more
exploration but increase the risk of policy collapse, requiring
expensive checkpoint rollbacks to recover from.
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demonstrate that KL regularization often remains
necessary for GRPO’s stability.

6 Experiments

The experimental analysis is organized as fol-
lows: Section 6.1 compares GTPO with other
methods across benchmarks; Section 6.2 examines
the impact of conflict tokens; Section 6.3 inves-
tigates catastrophic forgetting utilizing the non-
mathematical domains; and Section 6.4 reports ab-
lation studies of the GTPO objective.

Concerning experimental setup, we conducted
our experiments using LL.aMA 8B and Qwen
2.5 (3B) (Yang et al., 2025a), finetuned on the
GSMS8K, MATH (Hendrycks et al., 2021b), and
the R1 dataset released by DAPO*. These datasets
were selected to present a progressive gradient of
difficulty, from the easier GSM8K to the harder
R1, designed to challenge the reasoning capa-
bilities of the chosen models. For GSM8K and
MATH, we assessed both in-distribution perfor-
mance on their respective test splits and out-of-
distribution (OOD) generalization on the AIME
2024, AIME 2025, and AMC 2023 benchmarks.
Conversely, models trained on R1 were evalu-
ated exclusively on OOD benchmarks. To pro-
vide comprehensive comparisons, we evaluated
our proposed GTPO against SFT, DAPO, and
GRPO baselines. SFT and GRPO underwent the
full evaluation suite, whereas DAPO was assessed
solely in OOD settings. For the GRPO style meth-
ods (Fontana et al., 2026), we explored generation
sizes of G = 8 and G = 12, restricting R1 to
G = 8 due to its larger scale. Additionally, GRPO
was tested with KL penalty coefficients of 5 &
{0,1075}, where 8 = 107° yielded the best pre-
liminary results. Regarding GTPO, we estimated
the initial entropy, (H )in;, using the first 100 train-
ing samples and set v = 0.1 to mitigate entropy
suppression (see Figure 10a). To minimize com-
putational overhead, we adopted a single-iteration
update (Simoni et al., 2025; Fontana et al., 2026)
where 7y = my,,,. This approach renders clipping
unnecessary, reducing the objective to Eq. 14. All
experiments were executed on two A100 GPUs, a
learning rate of 10~ and a temperature of 1.0; fur-
ther hyperparameters are detailed in Appendix 9.2.

*“Models versions are meta-llama/Llama-3.1-8B-Instruct
and Qwen/Qwen2.5-3B-Instruct, while DAPO and R1 train-
ing curves are provided in Appendix 10.4 and in Ap-
pendix 10.5.

6.1 Performance Evaluation

Training Dynamics of GTPO and GRPO. In
Figure 4-top (the first two rows), we compare
the training stability and performance of GTPO
against GRPO. Formatting and accuracy rewards
are reported as percentages, where the maximum
value (100%) corresponds to a reward of 10 in
both. On the GSM8K dataset with LLaMA, GTPO
consistently outperforms GRPO across all training
steps in both accuracy and formatting metrics. On
the more challenging MATH dataset, GRPO (with
G = 12 and f = 0) initially achieves slightly
better accuracy around the midpoint of training.
However, its performance drops sharply in the sec-
ond half of training due to policy collapse, af-
fecting both accuracy and formatting. In contrast,
GTPO continues to improve steadily throughout
training, avoiding collapse and maintaining stable
performance. For Qwen 2.5, on both GSM8K and
MATH, GTPO achieves comparable or improved
accuracy relative to GRPO, with only a slight de-
crease in formatting performance (still above 97%
in all runs). Note that, consistent with the analysis
in Section 4.2, GRPO training curves for Qwen 2.5
are not affected by a policy collapse, as it shows
high-entropy behavior. Overall, GTPO has more
stable and reliable training compared to GRPO
(see Fig. 11 in Appendix 10 for more details).

In-distribution Evaluation. The trained LLMs
were evaluated on the test sets of GSM8SK and
MATH using the pass@k (Chen et al., 2021) and
maj@k (Wang et al., 2023) metrics. The former
measures whether at least one of the top-k com-
pletions yields a correct answer, while the latter
assesses correctness via majority voting over the
top-k completions. Note that, to ensure a fair com-
parison, we evaluated GRPO on LLaMA using the
model checkpoint corresponding to the training
step with the highest accuracy reward, rather than
the one obtained after policy collapse. Few curves
are omitted because, even at their best checkpoint,
the corresponding models were too unreliable and
achieved consistently low performance. Figure 4
bottom (the last two rows) shows that GTPO con-
sistently outperforms GRPO in almost all settings
for both pass@k and maj@k, as k varies from
1 to 32. This indicates that models trained with
GTPO exhibit stronger self-consistency when an-
swering questions (higher ma j@k) and better cov-
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Figure 4: Training accuracy and formatting rewards (%) of GTPO and GRPO over training steps on MATH and
GSMEK (top). In-distribution evaluation of models trained with GTPO, GRPO, and SFT on the corresponding

test sets, using pass@k and ma j@k (%) over k (bottom).

erage of the correct answer across multiple com-
pletions (higher pass@k). We also include test-
ing comparisons with SFT, where GTPO consis-
tently outperforms SFT in ma j@k across all mod-
els and datasets, and achieves higher average per-
formance in pass@k. Specifically, SFT surpasses
GTPO only in pass@k for £ > 5 on MATH
with LLaMA, but not in terms of correctness with
majQk. Interestingly, in GTPO, larger values of
G always lead to better performance, which is not
the case for GRPO; in most cases, the latter bene-
fits from a value of 5 = 10~% compared to 3 = 0.
Out-of-distribution Evaluation. We further eval-
uvate the models on three out-of-distribution
(OOD) benchmarks: AIME 2024, AIME 2025,
and AMC 2023. We report pass@k for k €
{1,8,16,32,64}, alongside maj@k for AMC
(substituting k = 4 for k = 1, as maj@1 equates
to pass@l). To aggregate and simplify compar-
isons across these diverse scenarios, the final col-
umn, denoted “Wins”, reports the number of in-
stances in which each method achieves the high-
est score. For GRPO and GTPO, we evaluate
the variants utilizing the generation size (G) that
maximized in-distribution pass@k on GSMSK
and MATH. Conversely, for DAPO and models
trained on the R1 dataset, we select the config-
urations that yielded the highest training reward.
Overall, GTPO demonstrates the strongest OOD
generalization across both architectures, return-
ing 42/60 wins for LLaMA and 40/60 for Qwen.
When trained on GSM8K and MATH, LLaMA-

GTPO consistently outperforms SFT and either
matches or surpasses both GRPO and DAPO
across nearly all k£ values, with a minor excep-
tion on AIME 2025 (k = 64, MATH training)
where SFT marginally leads. Within the Qwen
family, GTPO excels heavily on the AMC bench-
mark. DAPO, however, emerges as a robust com-
petitor on AIME, frequently matching or exceed-
ing GTPO (e.g., AIME 2024 and 2025 following
GSMSK training). While GRPO and DAPO oc-
casionally rival GTPO at large sample sizes (e.g.,
AMC pass@64 with MATH training), SFT re-
mains the weakest baseline overall, showing com-
petitive results only at large k. A different trend
occurs with the R1 dataset. Its inherent complex-
ity causes GRPO style methods to struggle; while
SFT proves more resilient on this specific data,
its absolute performance still falls short of GTPO
trained on simpler datasets. As detailed in Sec-
tion 6.3, any reliance on SFT incurs the severe
penalty of catastrophic forgetting.

6.2 Understanding Gradient Conflicts

To understand how gradient conflicts affect
training, we analyzed the logs from all training
runs and averaged them. At each step, given GG
completions and their advantages, we computed
the conflict mask M;, and the Net Impact Sig-
nal Spet for all conflict token positions £; as
Shet(t) = ﬁ Z(i,t) c K )‘;t\%\’ where A; is the
advantage of completion i, |o;] is its length, and
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AIME 2024 AIME 2025 AMC 2023 Wins
Pass@k (%) Pass@k (%) Pass@k (%) Maj@k (%) (/20)

Model Dataset Method | 8 16 32 64 1 8 16 32 64 1 8 16 32 64 4 8 16 32 64
SFT 00 0.0 00 133 200 00 00 00 00 67 125 375 425 575 725 100 150 150 200 175 0
GSM8K GRPO 00 00 00 00 0.0 00 00 00 00 00 25 25 50 50 50 25 25 50 50 50 0
DAPO 00 67 67 67 133 00 00 00 00 67 25 225 250 350 550 25 150 200 175 250 0
» GTPO 0.0 10.0 13.3 20.0 30.0 00 67 67 67 133 17.5 475 550 650 80.0 250 275 350 375 425 18
\;‘ SFT 00 33 100 200 267 00 00 33 67 167 10.0 450 60.0 650 80.0 125 150 125 150 175 1
V) MATH GRPO 0.0 133 167 20.0 36.7 00 00 00 33 67 20.0 375 400 525 70.0 250 300 30.0 300 325 2
DAPO 00 0.0 100 133 133 00 00 00 00 67 25 225 250 350 550 25 150 200 175 250 0
GTPO 33 133 16.7 36.7 433 00 0.0 100 100 133 225 525 675 75.0 825 375 375 375 375 375 17
SFT 00 0.0 33 133 167 00 33 33 33 33 75 275 315 525 5715 75 175 250 300 300 13
R1 GRPO 00 0.0 33 100 133 00 00 00 00 33 25 225 250 350 550 25 150 200 175 250 0
DAPO 00 33 67 67 133 00 00 33 67 67 75 250 350 450 550 75 175 175 225 225 8
GTPO 00 00 33 67 167 00 00 00 00 6.7 75 325 325 500 55.0 75 175 175 225 300 7

Overall Wins (Overall Percentage) | SFT: 14 (23.3%) | GRPO:2(3.3%) | DAPO:8(20.0%) | GTPO:42(70.0%)

SFT 00 00 00 00 67 00 00 00 67 67 00 100 175 525 625 00 25 75 75 175 0
GSMSK GRPO 0.0 33 67 167 20.0 00 33 67 100 200 75 400 525 675 715 17.5 125 250 30.0 425 0
DAPO 0.0 100 20.0 233 30.0 03 133 133 133 133 125 525 675 80.0 850 125 275 350 300 375 6
< GTPO 3.0 133 167 167 267 00 6.7 100 20.0 26.7 375 650 70.0 85.0 95.0 40.0 425 475 50.0 450 14
@Q’ SFT 00 00 00 00 67 00 00 00 00 33 00 125 350 475 650 00 25 75 75 175 0
o MATH GRPO 00 33 33 67 167 00 33 100 133 167 30,0 675 700 775 815 275 425 425 450 425 4
DAPO 0.0 10.0 20.0 23.3 30.0 00 33 33 33 67 125 525 675 80.0 850 125 275 350 300 375 4
GTPO 33 6.7 133 20.0 30.0 33 100 100 133 233 40.0 750 80.0 82.5 85.0 525 475 425 500 500 16
SFT 00 67 200 200 233 00 67 67 100 10.0 125 525 650 750 85.0 125 350 400 400 475 12
R1 GRPO 0.0 10.0 20.0 233 30.0 00 33 33 33 67 125 525 675 80.0 85.0 125 275 350 300 375 10
DAPO 0.0 10.0 20.0 23.3 30.0 00 33 33 33 67 125 525 675 80.0 85.0 125 275 350 300 375 10
GTPO 0.0 10.0 20.0 23.3 30.0 00 33 33 33 67 125 525 675 80.0 85.0 125 275 350 300 375 10

Overall Wins (Overall Percentage) | SFT: 12 (20.0%)

GRPO: 14 (23.3%) | DAPO:21(35.0%) | GTPO: 40 (66.7%)

Table 1: Qwen and LLaMA 8B out-of-distribution evaluation using the best of GTPO, GRPO, and SFT on
AIME 2024/25 and AMC, reporting pass@k (and ma j@k for AMC), with 1 < k < 64. Wins denotes the total
count of top scores, shown in bold, achieved by each method in a given row.
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Figure 5: Net Impact Signal of GRPO and GTPO, comparing real and simulated updates on conflict tokens.

A; 4 is the algorithm-specific weighting factor. For
standard GRPO, A}, is always 1. For GTPO, A,
dynamically changes to 0 (ignoring negative ad-
vantages) or 2 (doubling positive ones) on conflict
tokens. Sper quantifies the effective learning sig-
nal; A near-zero or negative value indicates the er-
roneous penalization of shared tokens in success-
ful responses. To make a fair comparison, Figure 5
uses a what-if scenario: the left panel takes a real
GRPO training run and compares its actual signal
to the simulated updates GTPO would have made
(by applying its specific A}, values) on those ex-
act same tokens. The right panel does the opposite,
comparing a real GTPO run to simulated GRPO
updates (by reverting A7, to 1). Across all settings,

the net signal produced by GRPO is negligible,
and even negative for Qwen, resulting in wasted
optimisation updates on shared tokens. In contrast,
GTPO consistently provides a positive learning
signal, efficiently resolving these conflicts.

Figure 6 further supports this analysis by quan-
tifying the number of conflict tokens for both
LLaMA-3.1-8B and Qwen2.5-3B. Conflicts oc-
cur frequently during training, appearing 620 to-
kens per generation, with forward conflicts sig-
nificantly outnumbering backward ones. Notably,
the total number of conflict tokens is nearly iden-
tical for both GTPO and GRPO. This suggests
that GTPO improves performance not by avoid-
ing or increasing conflicts, but by effectively cor-
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Figure 8: MMLU general knowledge performance
across different training methods.

recting gradient updates when they occur. Figure
7 compares the completion lengths generated by
GTPO and GRPO. Except for QWEN on GSM8K,
GTPO generally produces shorter and more stable
sequence lengths. This trend indicates that GTPO
can enhance model capabilities without substan-
tially increasing response lengths.

6.3 Preserving General Knowledge

To investigate whether training on the MATH
and GSMSK datasets induces catastrophic for-

getting of previously acquired knowledge, we
evaluate the models on the MMLU benchmark
(Hendrycks et al., 2020). We test unrelated do-
mains by removing all math subjects and grouping
the rest into four categories: STEM, Humanities,
Social Sciences, and Others (see Appendix 10.6
for details). Figure 8 shows the average accuracy,
with shaded bands indicating the variation across
different training runs. The results show a clear
difference between the training methods. GRPO,
DAPO, and GTPO keep their general knowledge
across all subjects. While GTPO scores slightly
higher on average for LLaMA, the performance of
all these methods is very similar. This tells us that
simply using the RL framework is what protects
the model from forgetting, rather than a specific
feature of GRPO style methods (Fontana et al.,
2026). In contrast, SFT suffers from severe caras-
trophic forgetting, performing much worse in ev-
ery single category. Finally, we wanted to check
if the KL divergence penalty () is the secret be-
hind this stability. By evaluating LLaMA 8B and
QWEN models trained on GSM8K and MATH
(using G = 8 and a standard 5 = 0.04), we ob-
serve no discernible differences in knowledge re-
tention, which indicates that KL-divergence reg-
ulation is not the primary mechanism mitigating
catastrophic forgetting within GRPO.

6.4 Ablation Studies

Conflict-Aware gradient correction. Figure 9
shows the accuracy and formatting training curves
of LLaMA on GSMB8K. The model is trained us-
ing GRPO with KL g values set to 0, 0.04 (Shao
et al., 2024), and 1075, while for GTPO, we
use the full version (Eq. 11) and a variant with-
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Figure 9: Accuracy and formatting of LLaMA on
GSMS8K. GRPO curves use different KL-3 values,
while “No (H); — No §;” for GTPO applies only the
conflict-aware gradient correction.

out entropy-based filtering and regularization (de-
noted as “No (H); — No 0;” in the figure). This
latter configuration isolates the effect of GTPO
when relying solely on the Conflict-Aware Gradi-
ent Correction component (i.e., Eq. 8). As shown
in the figure, GTPO outperforms GRPO in both
accuracy and formatting during the first 2,500
steps. Beyond this point, GTPO with regulariza-
tion and filtering continues to maintain better per-
formance, whereas the variant without these com-
ponents begins to degrade and eventually falls be-
low GRPO. This behavior is expected, as the ab-
sence of regularization helps the model to prune
high entropy completions. Most importantly, be-
fore the policy collapse, the use of gradient cor-
rection alone yields higher rewards than GRPO.
Impact of Entropy Regularization. Figure 10a
shows the training curves for average comple-
tion entropy (left), accuracy (middle), and format-
ting (right) on LLaMA 8B trained on MATH. We
compare several entropy regularization strengths
(v = 0.1,0.01,0.001,107%) and a variant with
~v = 0.1 but without entropy filtering (“NO &;”).
Higher values of v generally yield better accuracy
and formatting, with v = 0.1 performing best.
When filtering is removed, however, both metrics
collapse despite using the same ~y, confirming that
filtering high-entropy completions helps to reach
training stability. The entropy curves further clar-
ify this behavior. Without filtering, entropy con-
tinually rises above In 2, destabilizing formatting
first and accuracy later. With filtering, entropy
stays below In 2 and decreases smoothly. Moder-
ate entropy (achieved with larger ) supports ex-
ploration, producing more diverse and informative
completions; excessively low entropy (e.g., with
v = 0.001) leads to overconfidence and early per-
formance saturation. Finally, note that larger v val-
ues tend to maintain slightly higher entropy. When

a completion receives a negative advantage, en-
tropy naturally increases (Eq. 8), and a stronger
regularization term (Eq. 11) amplifies this effect
by flattening the token distribution. However, this
increase remains controlled and does not destabi-
lize training; instead, it preserves a small amount
of exploration, beneficial even in later stages.

(H); Threshold in GTPO. Figure 10b analyzes
the effect of different entropy thresholds (H);
on GTPO training for LLaMA on GSMSK. We
consider three filtering settings: 0.7, 1.05, and
2.0, which roughly correspond to output distri-
butions over, respectively, 2, 3, and 4 equiprob-
able tokens (with no residual probability mass).
With the stricter thresholds (0.7 and 1.05), the
entropy plot shows that the average completion
entropy remains low and stable, while the loose
threshold (2.0) lets many high-entropy comple-
tions pass, causing entropy to drift toward the in-
stability region around In 2 and destabilizing the
policy. The accuracy curves mirror this behav-
ior: tighter thresholds yield smoother improve-
ments and higher final accuracy, whereas the loose
threshold leads to stagnation. The formatting plot
further confirms that insufficient filtering (as in
the 2.0 setting) quickly degrades structural qual-
ity, whereas stricter thresholds preserve formatting
and thus support both stability and output quality.

Effects of Negative-Only Entropy Filtering.
Figure 10c compares GRPO against GTPO vari-
ants using Qwen on GSMS8K dataset, analyzing
different entropy filtering strategies. In OnlyNeg
setting, the entropy threshold, tested at (H); <
2.00, < 1.05 and < 0.7, is applied only to comple-
tions with negative advantages, meaning all posi-
tive completions are retained. Instead the standard
approach for Qwen does not apply the completion
filtering. The results show that OnlyNeg causes
over-pruning, degrading performance: it drives en-
tropy too low, restricting exploration, while failing
to discard high-entropy positive completions that
reinforce erroneous trajectories.

Effect of Regularization and Filtering on
GRPO. Figure 10d compares LLaMA on GSM8K
under three settings: (i) standard GRPO without
KL (8 = 0), (ii) GRPO with entropy filtering
((H); < 1.05) and entropy regularization (y =
0.1), and (iii) GTPO with the same entropy con-
straints. The entropy plot (left) shows that the
baseline GRPO (5 = 0) exhibits severe instability,
characterized by entropy spikes followed by a sud-
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Figure 10: Comparison of entropy, accuracy, formatting under different training settings for GTPO and GRPO.

den collapse, which degrades both accuracy and
structural formatting. Adding entropy regulariza-
tion and filtering (roughly equivalent to bounding
generation to three equiprobable tokens) signifi-
cantly improves the situation. The entropy stays
within a stable range, accuracy rises to reasonable
levels, and formatting recovers. However, GTPO
performs consistently better even under the same
constraints. It maintains a lower and more stable
entropy, achieves higher final accuracy, and pre-
serves near-perfect formatting throughout train-
ing. In other words, while entropy control stabi-
lizes GRPO, GTPO provides an additional layer
of robustness and leads to the best performance.

7 Conclusion

In this work, we introduced Group-relative
Trajectory-based Policy Optimization (GTPO),
which addresses gradient conflicts and policy col-
lapse in GRPO through conflict-aware updates and
entropy control. We evaluated GTPO on math-

ematical reasoning tasks using LLaMA-8B and
Qwen2.5-3B trained on GSMS8K, MATH, and
R1. Compared to SFT, GRPO, and DAPO, our
method demonstrates improved training stabil-
ity and stronger generalization across both in-
distribution datasets (GSM8K, MATH) and chal-
lenging OOD benchmarks (AIME 2024/2025,
AMC 2023). Additional analyses show that GTPO
mitigates negative updates on conflict tokens,
while MMLU results indicate that it preserves
non-mathematical knowledge and mitigates catas-
trophic forgetting. Ablation studies further vali-
date each component, showing that entropy reg-
ularization and completion filtering can indepen-
dently improve GRPO stability. Future work will
focus on establishing rigorous theoretical entropy
bounds to guarantee effective exploration with-
out compromising training stability. Additionally,
we plan to investigate alternative value ranges for
the token-update multiplier ); ;, exploring whether
continuous or adaptive scaling can further opti-
mize gradient control in conflict regions.
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Appendix

9 Proofs and Repricability

9.1 Group-Relative Policy Optimization

The Role of KL Divergence on GRPO. We an-
alyze the impact of the KL divergence term on
the aggregated GRPO loss by transitioning from
a token-level formulation to a trajectory-level one,
when 7;; = 1. Recall the normalized advantage
function used in GRPO-like:

Ri— R
std(R)’

where R; is the scalar reward associated with
trajectory i, R is the average reward across all G
trajectories in the batch, and std(R) denotes the
standard deviation of the rewards.

Substituting Equation 12 into the GRPO objec-
tive from Equation 1, we obtain:

Aiy = A = (12)

[od]

R, —R
Gz:|oz tz::std (R)

— - DxL (7T0||7rref):| (13)

jGRPO(Q q {oi}

We now turn our attention to the first term of the
loss, which is defined as follows:

|o;]

1
G Z |oi| = Z std(R
(14)

Since equation 12 is independent of ¢, it is pos-
sible to simplify Jgrpo (@) as follows:

Jcrro(9) = Ey o)

jGRPO (0) = Eq,{o,y}

1 &/ R R
G Z <std R) std(R)>
std (G ZR R)

- Eq,{m} [O]

=Eq {0}

15)
Thus, the overall GRPO objective reduces to:

Torpo(0) = Eq (o) | — B Dk, (ol mer) | (16)
From this aggregated viewpoint, the loss is en-
tirely governed by the KL divergence term. How-

ever, it is crucial to emphasize that a zero-valued

aggregated reward term does not imply that the
gradient of the original GRPO loss is zero. The
per-token advantages still guide parameter up-
dates during optimization, ensuring meaningful
learning even when the aggregated advantage
cancels out.

GRPO Gradient. Given the GRPO objective
(see Equation 1), we aim to calculate the gradient.

G 2 ol

1 A; w9 (04t | Sit)
Ly ks mlos b

Joreo(0) = Eq (0, 034 (0t | Sist)
1d \ % i

an
To simplify the calculation, we keep A; in its
unexpanded form (Eq. 12) and reduce the term

Ci.(Eq. 2) to the ratio r;,(0) = %
This substitution relies on the fact that the objec-
tive function’s clipping mechanism eliminates gra-
dient contributions from tokens where |r; :(0)| >
1 + €. Therefore, the summation is performed ex-
clusively over the set of active (non clipped) to-
kens. Formalizing the excluded tokens adds nota-
tional burden with no impact on the resulting gra-
dient analysis.

VoJoreo(0) =
¢ ol 7o (04t | Sit)
|6 2 S [ ]
G [o; | 70(0ie | 5i.)
=Eq {0:} GZ |o:] ;mcm (0irt | s”)]

We subsequently apply the log-derivative trick,
a widely used technique in reinforcement learning,
which reformulates the gradient as Vgmg(x) =

() Vg log(mg(x)).
VoJcreo(0) =

<. log]
Eq, {0} {GZW ‘th - Vo [log(me(0i,t]84,t))]
(18)

We can rewrite the complete gradient as:

VoTcreo (6 ) =

'\ [oi]

GZ Zrzt v@ IOg 77—6‘(01 t|sz t))}

E,, {oi}

— (- Vg [Dxr (W9||Wref)]] (19)
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How gradients affect distribution over to-
kens. LLMs typically terminate with a softmax
layer, which produces a probability distribution
over the vocabulary. To simplify notation, we de-
note (0;¢|q,0i <) as (t'), yielding the following
expression for the output distribution:

J
eo

Y

mo(t') = (20)

Here, fg denotes the chosen logit corresponding
to position o; ¢, while 2}9/21 fé“ represents the ag-
gregate logits over the entire vocabulary of size V/,
conditioned on the context (g, 0; <¢). Our objec-
tive is to compute the gradient in order to analyze
its influence on the probability distribution of both
the selected token and the unselected alternatives.

efd
Vg log(ﬂ'g(tl)) = V9 log (W)

_ v
= Vylog (efg) — Vylog (Zeﬁ)
k

21)

The first term is just Vge/ g; for the second, ap-
ply the chain rule:

Vg log (Z fe> = v (ZV: efé“)

ZV el k
14 k
f
elo
= 5 Vofk
k EI‘)/ s

1%
=Y " m()\Veff (2
k

Where 7Tg (') represents the probability of the
possible token k given the context t’, we can com-
bine these as follows:

Vo log(mo(t') = Vo) — Zﬂe WVofy
= Vofy (1 —ma(t Zﬂe WVofy

kAt
(23)

Substituting this into the GRPO gradient yields:

VoJcreo(0) =

A lo;

GZ ZT2t<V9f9 (1 —ma(t"))

Eq {0}

—ZW

Vefe) — 8-V [DkL (770|7Tref)]:|
kit

(24)

9.2 Group-relative Trajectory-aware Policy
Optimization: Objective

This section formalizes the Conflict-Aware Gra-
dient Correction for GTPO, deriving the token-
level loss and gradient. GTPO refines GRPO by
weighting each token with a coefficient \; ;, deter-
mined by conflict regions and the advantage A;.
Furthermore, to mitigate instability, we incorpo-
rate an entropy-based filter ¢;. The resulting ob-
jective function is defined as:

J" =Eq {0}

G Z Zrz t)\l tA;
tEo

GZ|O (ZrzfAztA +Zrlt>\ltA>

tec; tEu;

=Eq {0}

Where o; denotes the set of tokens in each com-
pletion, ¢; and u; represent the subsets of conflict-
ing and non-conflicting tokens, respectively. The
notation | - | indicates the cardinality (number of
elements) of each set and \;; is a parameter de-
signed to account for conflict and non-conflict for-
mulation. To motivate the definition of A; ;, we as-
sume the experimental condition where r;; = 1.
Furthermore, to ensure that the model retains the
characteristics of GRPO for non-conflicting to-
kens, we define \; ; as follows:

>\i7 ift € ¢
it =
1, iftew;
G
J" = Eq o) Z (loil = leil) Ai)
G G
oo | o Z'CZ‘MAZAZ-—Z'“'A
vl @ i=1 loi] i=1 i=1 o]
G G
1 lci]
=E — Ai(h —1 A;
q,{0;} G(;wl ( )+; )

First of all, given the GRPO’s zero-mean con-
straint, ZZG A; = 0, we split the sum into two
parts: one considering only the positive comple-
tions (G™), and the other considering only the neg-
ative ones (G 7).
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J* = q{oll (ZCZ: -1
-

+) :Zin()\i - 1))]

i=1

To prevent inadvertently penalizing tokens that
contribute positively in other contexts, we re-
frain from assigning negative rewards to tokens
involved in conflicting cases. These tokens fre-
quently appear in completions that receive positive
ratings and are not intrinsically responsible for the
negative assessments.

A, ifie Gt
0 ifieG™

5 (3 o

P =

J" q{m

ey a. |>

i=1

It is evident that by setting A = 2, we ensure
equal contribution from each completion, regard-
less of whether it is positive or negative. The re-
sulting equation for the aggregated loss is:

(25)

GZ‘CZ‘A|

Instead the resulting equation for the token level
loss, considering 7; ; # 1, is:

T =Eq 0}

G 1 0;
T =Eofo} | 5 2_: fodl 2= righitdi|  (26)
where:
1, ifie{G",G"}andt € u;
Nit =10, ifie G- andt € ¢ (27)

2, ifie GTandt € ¢

GTPO Gradient: To calculate the gradient of
our proposed loss, we start from equation 26, then

we apply the same tricks used to compute the
GRPO loss (eq. 17).

VoIT* = Ey (0} GZM (2;gvt+§gm)
GZ Zg,t] (28)
t€u

where: g;; = 15 Vg [log (m9(0it | q,0i,<1))]

In addition, following our objective, the ad-

justed advantage for trajectory i becomes:

A=A —v(H), (29)
where (H); represents the average policy entropy
over all tokens of trajectory 4, and y controls the
strength of the entropy correction.

Reward Settings. The reward used in this pa-
per is composed of two components: the first one
refers to the format of the model’s answer, and the
second one refers to the accuracy of the model’s
answer. The first component assesses formatting:
the model receives a score of 10 if it includes all
predefined special formatting tokens specified in
the prompt (see box 9.2). If only a subset of the
reasoning or answer tokens are present, the model
is awarded 1 point; otherwise, it scores 0. The sec-
ond component evaluates accuracy: the model ob-
tains a score of 10 if the correct target answer is
correctly enclosed within the answer tokens; oth-
erwise, it receives 0. The final reward is the sum
of these two components and is provided to guide
the learning algorithms.

PROMPT

You are a helpful assistant for solving math

problems.

Given a question, first think step by
step between <reasoning> and
</reasoning>.

Then, give the final answer between
<answer> and </answer>.

Training Settings. Listing 1 reports the main
training parameters used for GRPO, GTPO and
SFT, for both LLaMA and Qwen models. To im-
plement GTPO we used Unsloth (Daniel Han and
team, 2023).

model_name: "meta-llama/meta-Llama-3.1-8
B-Instruct" / "Qwen/Qwen2.5-3B-
Instruct”
max_seq_length:
max_prompt_length:
lora_rank: 128 / 64
load_in_4bit: true
gpu_memory_utilization: 0.4
target_modules:
- "g_proj"
- "k_proj"
- "v_proj"
- "o_proj"
- "gate_proj"

5500
4000
(Qwen)
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- "up_proj"

- "down_proj"
random_seed: 3407
warmup_ratio: 0.005
learning_rate: le-6
adam_betal: 0.999999 / 0.9

SE'T)
adam_betal2:
& SFT)
weight_decay: 0.1
beta: 0.0/ 0.04/ 10e-6
GTPO, DAPO & SFT)
lr_scheduler_type:
optimizer: "paged_adamw_8bit"
logging_steps: 1
per_device_train_batch_size: 1
gradient_accumulation_steps: 1
num_generations: "8/12" / "None"
"8" (R1 Dataset)
num_train_epochs: 1
num_iterations: 1
save_steps: 500
max_grad_norm: 0.1
report_to: ["wandb"]

(GRPO, DAPO &

0.999999 / 0.95 (GRPO, DAPO

(GRPO) / "None" (

"cosine"

(SFT) /

Listing 1: Settings for GTPO, GRPO and SFT.

Algorithm 1: Forward Pass

Input: X € RG XL (Token IDs), A € RCG (Advantages)
Output: M ¢,,q € {0, 1}E > L (Forward Conflict Mask)

1: Extract active sequences X g ot where A; # 0 % Shape: [Ggct, L]

2 Extract positive sequences Xpos where Ay > 0 % Shape: [Gpos, L]

3: Extract negative sequences X eg Where A; < 0 % Shape: [Gneg, L]

4: Broadcast Equality:

5! Epos « Xaetunsq(1) == Xposunsq(0) % Shape: [Gacts Gpos, L]
6: Eneg « Xactunsq(l) == Xpeg.unsq(0) % Shape: [Gact, Gneg, L]
7: Strict Trajectory (Cumulative Product):

8: Spos « cumprod(Epos, dim = 2)

9: Sneg « cumprod(Epeg, dim = 2)

10: Reduce Trajectories:

11: 1,05 < any(Spos,dim = 1) % Shape: [Gqct, L]

12: 1,ey < any(Sneg,dim = 1) % Shape: [Gqct, L]

13: Final Forward Mask:

14: Mjopq + Ipos Alneg

9.3 Complexity of Conflict Masking

In this section, we detail the computational com-
plexity of the dual-pass conflict masking algo-
rithm. To ensure minimal computational overhead
during training, we implement a highly optimized,
vectorized approach based on tensor broadcast-
ing. Algorithm 1 outlines the core operations of
our strict trajectory matching for the forward pass.
For brevity, the backward pass is omitted from the
pseudocode, as it operates under the exact same
logic by simply flipping the token sequences along
the sequence length dimension prior to matching.
The computational cost is dominated by the ten-
sor broadcasting operations (Lines 5-6) and the
cumulative products (Lines 8-9). The algorithm
first filters the input batch to isolate G valid se-

quences, where G+ < G. It then expands dimen-
sions to perform parallel equality checks between
the G active sequences and the G5 (0r Gireq)
target sequences. This broadcasting creates a tem-
porary boolean volume of shape [Gqct, Gpos, L].
Consequently, both the spatial and temporal com-
plexity for a single pass are strictly bounded by
O(Gact-Gpos-L). Because Guct, Gpos, Gneg < G,
the worst-case upper bound for the forward pass
is O(G?L). Since the dual-pass algorithm simply
executes this logic twice (once forward, and once
backward on reversed tensors), the total complex-
ity is bounded by O(2 - G?L), which asymptoti-
cally simplifies back to O(G?L).

Given that Reinforcement Learning fine-tuning
typically employs small generation group sizes
(G € [4,64)), the O(G?L) overhead is negligible
compared to the standard forward and backward
passes of the language model itself. By confin-
ing the comparison space strictly within the intra-
batch generated trajectories, the algorithm ensures
stable and efficient training dynamics with mini-
mal memory footprint.
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Figure 11: Ablation of GTPO for QWEN and LLaMA on MATH and GSM8K.(a) Average entropy (left), accuracy
(center), and formatting rate (right) in QWEN trained with GRPO on MATH with different values of 3 of KL; (b)
Impact of GTPO group size (G = 8 vs. G = 12) on GSMS8K (top) and MATH (bottom) for QWEN and LLaMA.
Metrics over training steps: accuracy, formatting reward, entropy, and mean conflict (left to right).

10 Complementary results

10.1 Impact of KL [-coefficient on GRPO.

Figure 11a presents an ablation study on the effect
of the KL divergence coefficient 5 during GRPO
training on the MATH dataset using the Qwen
model. The three plots respectively show: (left)
the average entropy, (center) the accuracy rate, and
(right) the formatting rate across training steps.

In the leftmost plot, we observe that with § =
0.04 (blue line), the entropy steadily increases, in-
dicating that the model becomes progressively less
confident in its predictions. Conversely, smaller or
null values of 3 (orange for 5 = 0 and pink for
107%) result in a more stable or decreas-
ing entropy, reflecting more deterministic behavior
during generation.

The central plot highlights how lower values of
[ lead to better accuracy. In particular, 5 = 0
achieves the highest accuracy throughout training,
while 5 = 0.04 results in slower improvement
and lower final performance. This suggests that
a strong KL regularization term may overly con-
strain the policy and hinder learning.

Finally, the rightmost plot shows the format-
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ting reward. Both 3 = 0 and 3 = 10~ achieve
high formatting scores (above 98%) by the end
of training, whereas 8 = 0.04 lags behind. This
confirms that a weaker KL constraint facilitates
the preservation of structural consistency and for-
matting in model completions. Overall, the figure
demonstrates that reducing or removing the KL di-
vergence term in GRPO (6 — 0) leads to better
performance in terms of both accuracy and format-
ting, while avoiding the entropy inflation observed
with larger /3 values.

10.2 Sensitivity of GRPO to Adam
Momentum.

Figure 12 compares the impact of different Adam
optimizer hyperparameter configurations, specifi-
cally the momentum coefficients «; and as, on
the training dynamics of GRPO with generation
size G 8. The two plots report the evolu-
tion of accuracy (left) and formatting score (right)
over the global training steps. The experiments are
conducted using two models, Qwen and LLaMA,
each evaluated under two Adam settings:a; =
0.999999, aa = 0.999999 (used in GTPO (Do-
hare et al., 2023));a1 = 0.9, a9 0.95 (the
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Figure 12: GRPO-G=8, comparison between different
adam «; and a5 values.

one used by original GRPO (Shao et al., 2024)).
For Qwen (blue and orange curves), the optimizer
settings do not significantly impact training sta-
bility: both configurations lead to consistent im-
provements in accuracy and formatting over time,
with the GRPO originals (a; = 0.9, az = 0.95)
slightly outperforming in final accuracy. In con-
trast, for LLaMA (pink and green curves), the
choice of a/ay has a substantial effect. Using
the GTPO ones (a1 = 0.99999, ao = 0.999999)
causes a sharp degradation in both accuracy and
formatting after approximately 3500 steps, symp-
tomatic of policy collapse. On the other hand, the
GRPO default configuration results in more sta-
ble formatting behavior and mitigates collapse, al-
though final formatting remains below 95%. These
results suggest that GRPO training with LLaMA
is highly sensitive to Adam hyperparameters, and
that careful tuning of a;; and «vg is crucial to main-
tain training stability and prevent collapse, partic-
ularly when using smaller values of 5.

10.3 Effect of GTPO Group Size on Training
Dynamics

Figure 11b compares GTPO with two group sizes
(G=8 vs. G=12) on GSM8K and MATH for
QWEN and LLaMA, reporting accuracy, format-
ting, entropy, and mean conflict. On GSMSK,
larger groups help both models: QWEN 12G
achieves the best final accuracy, followed by
LLaMA 12G, while both 8G settings converge
more slowly and to lower plateaus. All runs ex-
ceed 98% formatting, but larger groups stabilize
formatting earlier, with QWEN 12G reaching the
highest levels. LLaMA maintains lower entropy
than QWEN; increasing group size slightly raises
entropy for LLaMA but not for QWEN. Mean
token-level conflict increases with group size (12G
> 8G), and QWEN shows higher conflict than
LLaMA, consistent with its higher entropy and
trajectory diversity; under GTPO, this diversity re-
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Figure 13: Accuracy and formatting rewards (%) of
GTPO, GRPO and DAPO over training steps on R1.

mains beneficial and does not harm formatting. On
MATH, the advantage of larger groups persists.
LLaMA 12G achieves the highest accuracy, with
LLaMA 8G close behind; QWEN benefits from
12G but remains below LLaMA. QWEN attains
the highest formatting scores, especially with 12G,
reaching near-perfect formatting early in train-
ing, while LLaMA also improves with 12G but
requires more steps to reach comparable levels.
As on GSMS8K, LLaMA stays lower-entropy than
QWEN, and mean conflict grows with group size,
most noticeably for QWEN 12G, whereas LLaMA
shows more moderate conflict and weaker sensi-
tivity to group size.

10.4 RI1 training

Figure 13 illustrates the training trajectories on the
R1 dataset. To conserve resources, LLaMA train-
ing was halted at around 10,000 steps, as QWEN’s
convergence behavior suggested further improve-
ments were unlikely. All techniques exhibit a
shared limitation: the accuracy reward plateaus
near 20%. We attribute this to sparse learning sig-
nals; generations often format correctly but fail the
actual task (correctness =0), yielding zero gradi-
ents that stall learning. Consequently, while GTPO
does not attain the highest peak reward, it excels
in late-stage stability. Unlike GRPO and DAPO,
which eventually suffer from reward collapse on
LLaMA, GTPO maintains a stable trajectory. This
robustness translates into competitive generaliza-
tion. As Table 1 shows, GTPO’s lower peak re-
ward does not degrade out-of-distribution (OOD)
performance. For QWEN, shared gradient stagna-
tion homogenizes OOD results across all methods.
For LLaMA, GTPO matches or exceeds baselines
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Figure 14: Accuracy and formatting rewards (%) of DAPO over training steps on GSM8K and MATH.

in pass@k and maj@¥k for k = 64, despite slight
underperformance at lower k values.

10.5 DAPO training

Figure 14 illustrates DAPO’s training dynamics
on GSMB8K and MATH for LLaMA and QWEN.
While DAPO largely mirrors GRPO’s vulnerabil-
ities, its lack of explicit regularization on o; in-
troduces unique instabilities. Crucially, this omis-
sion causes DAPO to suffer reward collapse on
QWEN, a degradation not seen in GRPO. Dataset
trajectories further underscore this volatility. On
GSMBSK, rapid collapse forced early termination
for both models. Conversely, LLaMA on MATH
(G=12) was trained to completion to test recov-
ery; although it eventually rebounded from an ini-
tial collapse, such drastic fluctuations preclude re-
liable training. Only QWEN on MATH maintained
a stable, collapse-free trajectory. Consequently,
for out-of-distribution (OOD) evaluations, we se-
lected the last checkpoint prior to the peak reward.

10.6 MMLU further analysis

Figure 15 details the average MMLU accuracy
across the LLaMA and Qwen models, aggregated
by training technique (SFT, DAPO, GRPO, GRPO
with 8 = 0.04, and GTPO). The heatmap visu-
alizes performance on individual subjects catego-
rized into four macro-areas: STEM, Humanities,
Social Sciences, and Others. Crucially, the results
demonstrate that GRPO style methods yield com-
parable performance to one another, consistently
outperforming the SFT baseline across domains.
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MMLU benchmark across LLaMA and Qwen, aggre-
gated by training technique.
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