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Abstract

Routing Large and Small Language Mod-
els (LLMs & SLMs) is commonly framed
as query-level difficulty prediction, yet
lightweight routers are often unreliable
and stronger evaluators introduce non-trivial
overhead. We propose VERTICAL ROUT-
ING, a stage-level collaboration framework
that avoids monolithic difficulty prediction
by allocating the large model to critical sub-
tasks and delegating the remaining genera-
tion to a small model. VERTICAL ROUT-
ING instantiates two templates: (i) domain-
specific templates that decompose a task
into ordered stages with criticality scores,
and (ii) a robust default template that fol-
lows a prefix-first prior for general queries.
Under a token budget, we allocate large-
model capacity to the most critical stages, or
to a budgeted prefix under the default tem-
plate.

Experiments show that VERTICAL ROUT-
ING outperforms the strongest baseline
(RouterDC) by 2.0 points in the averaged
metric, while significantly reducing token
usage by 48.9% and large-model output
share by 41.7%. Additionally, it enhances
stability by lowering the standard deviation
by 87.5%. These results highlight its advan-
tages in accuracy, efficiency, and robustness.
1

1 Introduction

Large language models (LLMs) have recently
shown strong performance across a wide range of
tasks (Deng et al., 2025). But the size trade-off
remains: large models handle hard problems bet-
ter but are expensive, while small language mod-
els (SLMs) are cheaper but weaker (Sléher et al.,

'The data and code are available at https://github.
com/shenpeijun0212/Vertical-Routing.

2025). This motivates routing strategies that re-
duce overall routing cost without sacrificing qual-
ity (Xue et al., 2023).

Current routing strategies typically infer task
difficulty from the initial query and then assign the
entire task to either an LLM or an SLM (Yu et al.,
2025; Liu and Lo, 2025). We refer to this binary,
query-level model selection paradigm as Horizon-
tal Routing. As illustrated in Figure 1(a), this con-
ventional pipeline makes a one-shot routing de-
cision before generation begins. Figure 1(b) fur-
ther shows that lightweight routers perform close
to the 50% random baseline on balanced easy/hard
sets across translation, math, and code (see Ap-
pendix A for details), suggesting that query-level
signals alone are often insufficient for reliable
routing. As a result, such methods are prone to
misrouting and unstable behavior. Stronger evalu-
ators, such as LLM-based pre-evaluation, can im-
prove routing accuracy, but they also introduce
substantial additional cost. Similar observations
have been reported in recent studies, highlighting
a central limitation of existing routing approaches
(Kimi, 2025; Shen et al., 2025; Heitz et al., 2024).

The unreliability of difficulty prediction largely
comes from treating a query as a single unit, ignor-
ing heterogeneous sub-tasks within one response.
We instead decompose generation into stages and
assign each stage a criticality score that reflects its
influence on the final outcome. Routing then be-
comes an intra-query allocation problem: priori-
tize the LLM on high-criticality stages and use the
SLM for the rest to balance quality and cost.

Defining stages depends on the task. For gen-
eral queries, we adopt a positional prior: earlier
tokens tend to have broader downstream impact
and are harder to correct (Chen et al., 2024b), mo-
tivating a default prefix-first collaboration (LLM
writes an initial prefix; SLM continues). For
domain-specific queries, stages follow task struc-
ture; e.g., translation can first translate keywords
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(a) Horizontal Routing relies on one-shot query-level difficulty prediction.
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Figure 1: Lightweight routers remain close to the
50% random baseline on balanced easy/hard sets across
translation, math, and code, indicating limited signal
for query-level difficulty prediction.

and then generate the full sentence conditioned on
these constraints (Wang et al., 2024), with similar
decompositions in math (planning—solving) and
other domains.

Informed by these considerations, we introduce
VERTICAL ROUTING, a framework for collabora-
tive inference between LLM and SLM. VERTICAL
ROUTING has two components: Template Defini-
tion and Template-based Routing. We define (i)
domain-specific templates that encode a small set
of ordered stages with criticality scores based on
domain knowledge, and (ii) a robust default tem-
plate that follows a prefix-first collaboration pat-
tern for general tasks and serves as a conservative
fallback. At inference time, each dataset is paired
with a routing template chosen once at the task
level: when the task exhibits a consistent staged
structure, a domain-specific template is used; oth-
erwise, the default template serves as a fallback.
It then executes a budget-aware routing policy: al-
locate the LLM to the most critical stages under
budget, and apply a cost-driven greedy prefix allo-
cation rule for the default template.

Experimental results demonstrate that VERTI-
CAL ROUTING surpasses the strongest baseline,
RouterDC. It achieves a 2.0-point gain in aver-
age performance (60.4 vs. 58.4) while simulta-
neously cutting token usage by 48.9% (474.5 vs.
929.1). Furthermore, it reduces the share of large-
model outputs by 19.2 percentage points (from
46.0% to 26.8%), representing a relative reduction
of 41.7%. Additionally, stability is markedly im-
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proved, evidenced by an 87.5% decrease in stan-
dard deviation. Collectively, these metrics under-
score the method’s superior accuracy, efficiency,
and robustness.

This work offers three key contributions:

» Stage-level routing. We shift routing from
a single task-level decision to allocating
computation across stages within one query,
guided by stage criticality.

» Template-based collaboration. We propose
VERTICAL ROUTING with a set of routing
templates, including domain-specific stage
templates and a default template, enabling
structured collaboration between LLM and
SLM.

¢ Better cost and stability. Our evaluation
show that VERTICAL ROUTING reduces cost
and variance while maintaining comparable
and slightly improved accuracy.

2 Methodology

2.1 Problem Formulation

We consider a dataset D, where each instance is a
query z. Given z, a routing method 7 coordinates
a large model M, and a small model Mg to pro-
duce a final output y(x; 7). We evaluate the out-
put with a task metric s(7, y*), such as accuracy
or BLEU.

Cost. We define inference cost as the weighted
token usage across all model calls. For each model
m € {L,S}, let T, and T} be the input and
output token counts. In our collaborative rout-
ing framework, the small model processes both
the original input x and the prefix y; generated
by Mjp. Thus, the input lengths are defined as
TL = ||z|| and TS = ||[#;yz]|, respectively.
Given a per-token cost coefficient ¢, > 0, the to-
tal cost is formulated as:

Clasm)= Y cm@’ngggt). (1)
me{L,S}

The coefficients c,, can be obtained via explicit
pricing for closed-source models or estimated via
a micro-benchmark for open-source models. For
the latter, we measure average decoding latency
(ms/token) and set the relative cost ratio r =
cr/cs ~ ms/token(Mp)/ms/token(Mg). We
then use cg = 1 and ¢;, = 7 to obtain a repro-
ducible relative cost.
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Figure 2: Overview of VERTICAL ROUTING. A routing template is selected once per task family and then executed
for each query. Under domain-specific templates, the LLM handles high-criticality stages (e.g., solution planning
or keyword identification), while the SLM completes the remaining stages. Under the default prefix-first template,
the LLM generates a budgeted high-criticality prefix and the SLM continues the remainder.

Objectives. Our primary goal is to maximize the
expected task performance under a budget B:

max E[S(k)] ,
i (2)
st. Ezup[C(x;m)] < B,

where S(*) is the average score over dataset D for
run k. We treat stability as a secondary objective.
Since complex generation is often sensitive to de-
coding randomness, we prefer routing policies that
exhibit smaller run-to-run variance Vary, [S (k) ] to
ensure reliable deployment.

2.2 Method Overview

Inspired by prior work on cost-efficient multi-
model inference and cascaded generation
(Leviathan et al., 2023; Dekoninck et al., 2025),
VERTICAL ROUTING, shown in Figure 2, re-
frames routing from query-level model selection
to intra-query stage allocation. Instead of as-
signing an entire query to either a large or small
model, it decomposes generation into ordered
stages and reserves the large-model budget for the
most critical ones.
The framework has two phases:

* Task-level Template Selection: For each
task family (a dataset), the user selects a rout-
ing template once based on the task descrip-
tion and a small subset. A domain-specific

template is used only when instances share
the same ordered stage decomposition, later
stages depend on earlier-stage outputs, and
stage criticality differs clearly. Otherwise,
the default prefix-first template is used.

¢ Budget-Induced Stage Allocation: Given a
budget B, the framework computes a large-
model token capacity B and greedily assigns
the large model M7, to the most critical stages
according to criticality scores -y;, while the
small model Mg completes the remaining
stages.

2.3 Template Definition

A template T' defines the logical decomposition
of a query’s response into a sequence of stages.
Formally, a template is a set of ordered pairs:
T ={(s1,71),---,(Sn,7n)}, where each stage s;
is associated with a criticality score vy; € RT.

2.3.1 Domain-Specific Templates: Structural
Prior

Inspired by the observation that specialized tasks
exhibit a non-uniform internal structure, decision-
making stages often exert a critical influence on fi-
nal result relative to execution (Zhou et al., 2023;
Khot et al., 2023), we propose domain-specific
templates to concentrate expensive computation
on these high-criticality bottlenecks.
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Definition. A domain template Tyomain identifies
key stages based on expert knowledge (e.g., Plan-
and-Solve for mathematics or Keyword-Constraint
for translation). We assign higher ~; to decision-
making stages that impose hard constraints on the
output space, and lower ~; to execution stages that
follow those constraints.

2.3.2 Default Template: Positional Prior

The rationale for the default template is grounded
in the positional prior of autoregressive generation
(Ranzato et al., 2016), where early tokens serve
as the foundation for all subsequent steps. Be-
cause initial deviations can compound and lead to
significant semantic drift through exposure bias,
the quality of the prefix is disproportionately vi-
tal to the final output. We empirically validate this
prior in Appendix B through budget-matched ex-
periments, which demonstrate that generating the
prefix with the large model consistently outper-
forms the reverse sequence under identical token
constraints.

Definition. Building on this insight, we propose
the prefix-first default template Tyerayye for general
tasks where internal structural importance is la-
tent. This template follows a sequential decom-
position that assigns the highest criticality to the
starting tokens of a response. Under this frame-
work, the large model M, is prioritized to estab-
lish a high-quality foundational prefix, after which
the small model Mg continues the decoding pro-
cess until completion.

2.4 Template-based Routing Strategy

24.1 Template Selection

Rather than relying on brittle per-query difficulty
estimation, we assign a routing template once for
task family (a dataset in our benchmark setup):

Tp < g(7(D)) e T.

Here, 7(D) denotes the reusable response struc-
ture shared by most instances in D, and g(-) maps
that structure to a routing template. Template se-
lection is therefore a coarse-grained task-level de-
cision rather than a per-query routing step: once a
template is chosen for a task family, all queries in
that family follow the same template.

In practice, the user first reads the task descrip-
tion and then inspects

Necheck = Min(20, max (10, [0.05 |Deatl])),

representative examples from a subset D, or all
available examples when fewer than 10 are avail-
able. We use a domain-specific template only
when all three checks below are satisfied:

1. Shared stage structure: Can most in-
stances be decomposed with the same or-
dered stages?

2. Stage dependency: Does the later stage ex-
plicitly rely on the output of the earlier stage?

3. Stage criticality gap: Do the stages differ
clearly in criticality?

This procedure is intended as a lightweight,
conservative checklist applied once per task fam-
ily. The first two checks are usually clear from
the task description and a small representative sub-
set, while the third may require limited practi-
tioner judgment. In deployment, when manual se-
lection is undesirable, task-level screening could
in principle be assisted by a lightweight model
or embedding-based signals at minimal additional
cost. We do not study such automation here.
Whenever the evidence is ambiguous, we fall back
to the default prefix-first template. This keeps tem-
plate assignment low-cost and low-risk. Concrete
examples and full specialized templates are pro-
vided in Appendix C.

2.4.2 Budget-to-Capacity Mapping

A practical challenge in routing is that finan-
cial budgets B cannot be enforced directly dur-
ing autoregressive decoding; instead, the system
can only regulate the number of generated tokens
via the max_new_tokens parameter. To bridge
this gap, we map the budget B into an allowable
output-token capacity B for the large model M.

We define Ky,ax as the planned total output
length. When global statistics are unavailable, we
estimate K., via held-out calibration subset, cal-
culating the average generation length on a small
subset to serve as the expected budget baseline. As
shown in Eq. (1), the total cost comprises a base-
line expenditure (assuming all K, tokens are
generated by Mg) and a premium cost for upgrad-
ing selected tokens to M. When global statis-
tics are unavailable, we estimate K ,,x from de-
ployment statistics or a held-out calibration subset,
rather than from the evaluation set.
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2.4.3 Stage Allocation for Domain-Specific
Templates

For domain templates, let £; be the planned token
quota for stage s; and z; € {0, 1} be the indicator
for My, assignment. Under budget B, we solve for
the assignment vector x subject to:

csKmax + (c1, — cg) chi& <B, 3
i=1

where cj, —cg represents the marginal cost of using
My, over Mg. This yields the total large-model
capacity B:

B - Km X
B = min {Kmax, max (CSa’ 0> } )
C;, — Cs

In our proxy calculation, we assume B is the

remaining budget after subtracting the fixed input
costs, as input lengths TZ’;; and T{Z are determined
before output generation begins.
Greedy Selection. We prioritize allocating M,
to the most critical stages by sorting stages in de-
scending order of their criticality density ~;/¥;.
We set z; = 1 for the top-ranked stages until the
cumulative length ) z;¢; reaches B, after which
the remaining stages are handled by Mg.

2.4.4 Allocation for Default Templates

For Tyefaurt, we apply a prefix-first rule. Using B
calculated from Eq. (4), M7, is assigned to gener-
ate the initial B tokens of the response, after which
Mg continues decoding until completion.

3 Experiments

3.1 Setup

Datasets. We evaluate on four benchmarks
spanning reasoning and generation: GSMS8K
(Cobbe et al., 2021) and MATH (Hendrycks et al.,
2021) for mathematical reasoning, WMT (Kocmi
et al., 2022) for machine translation, and MBPP
(Austin et al., 2021) for code generation with unit
tests.

Models. We use pre-trained models from the
Qwen2.5 family (Qwen et al., 2025) as the large
model M; and the small model Mg, which pro-
vides strong models at multiple scales for budget-
controlled comparison.

Baselines. We compare VERTICAL ROUTING
with KNN-Router and MLP-Router (Hu et al.,
2024), RouteLLM (Ong et al., 2025), RouterDC
(Chen et al., 2024a), and FrugalGPT (Chen et al.,

2023). For all baselines, we use the best settings
reported in the original papers or official imple-
mentations; details are provided in Appendix D.

Template configuration. Following
Sec. 2.4.1, templates are selected once per
task family using only non-test information. We
use the Plan-and-Solve (PS) template for GSM8K
and MATH, the Deep Reasoning Translation
(DRT) template for WMT, and the default prefix-
first template for MBPP. Appendix C provides
the full specialized templates, including DRT.
Appendix E.1 additionally compares prefix-first
with PS on GSM8K. We do not tune the prefix
budget on the evaluation set; any such calibration
uses held-out data only.

Cost and evaluation. We measure compute
by total token usage, i.e., the sum of input and out-
put tokens across all model calls, including rout-
ing or pre-evaluation overhead. We also report the
large-model output share

E [T

pr = 100 x ———-outl
E[T 5 + T

where Tk, and T3, are the output tokens pro-
duced by My, and Mg, respectively.

For domain-specific templates, M generates
the key stage and Mg completes the remaining
stages, so py, is computed from the realized stage-
level outputs. For the default prefix-first template
on MBPP, we compare methods under a matched
expected large-model budget B. Since binary
baselines route each query to only one model, we
enforce the same expected budget by limiting their
large-model usage frequency: 77, = B/ur, where
w1, is the average generation length of the large
model, and we route the top-7r, fraction of queries
to Mjy,.

For transparency, Table 1 reports raw total to-
ken counts across all model invocations, includ-
ing repeated input processing when both models
are used. These counts are unweighted by model
size. Because per-token cost differs across 3B and
32B models, we additionally report a simple size-
weighted cost proxy in Appendix F.

We use accuracy for GSM8K, MATH, and
MBPP, and BLEU-4 (Papineni et al., 2002) for
WMT. All metrics are linearly rescaled to [0, 100]
for unified comparison. Experiments were con-
ducted on 4 NVIDIA A800-SXM4-80GB GPUs.
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Table 1: Results on GSM8K, MATH, and WMT. We report task performance (Acc for GSMS8K/MATH, BLEU
for WMT), token usage (Tok.; raw, unweighted total input+output tokens over all model calls, including routing

overhead), and the large-model output share py, (in %), where p, = 100 x E[T!,]/E[TL,, + T3,

]. Perf. is the

arithmetic mean of the three rescaled task scores (all metrics linearly mapped to [0, 100]). The best is in bold and
the second-best is underlined.

GSM8K MATH WMT AVG

Acc  Tok. PL Acc Tok. pr.  BLEU  Tok. pr  Perf.  Tok. oL
Qwen2.5-3B 750 211.6 - 38.6 301.2 - 244 4103 - 46.0  307.7 -
Qwen2.5-32B  90.8 989.3 - 573 16479 - 41.5  1380.2 - 63.2 1339.1 -
KNN-Router 773 379.2 213 456 5803 398 324 6053 20.1 51.8 521.6 27.1
MLP-Router 779 4189 267 462 620.7 403 329 6105 206 523 550.0 29.2
RouteLLM 814 7854 363 489 7905 476 357 7521 312 553 776.0 384
RouterDC 852 8815 464 527 9254 529 372 9804 388 584 929.1 46.0
FrugalGPT 827 801.6 449 53.1 9058 530 346 6908 27.6 568 7994 418
Ours 87.8 4074 237 545 4909 384 388 5251 184 604 4745 26.8
3.2 Main Results L MIQuazsa) e MIPRewe o RomedC oo ous

Table 1 reports performance, total token us-
age (Tok.), and large-model output share (pr)
on GSMSK, MATH, and WMT. Our method
achieves the best performance across all three
tasks (87.8 on GSMS8K, 54.5 on MATH, and 38.8
BLEU on WMT) while maintaining low inference
costs. Compared to strong routing baselines like
RouteLLM, RouterDC, and FrugalGPT, our to-
ken usage is consistently lower. For example, on
GSMSK, we use only 407.4 tokens, whereas the
baselines require 785.4, 881.5, and 801.6. We ob-
serve similar margins on MATH (490.9 vs. 790.5,
925.4, and 905.8) and WMT (525.1 vs. 752.1,
980.4, and 690.8). On average, we obtain the high-
est performance (60.4) with the lowest token con-
sumption (474.5). Our average py, is 26.8%, no-
tably lower than RouteLLLM (38.4%), RouterDC
(46.0%), and FrugalGPT (41.8%), indicating that
we attain stronger results with less reliance on
large-model outputs.

Figure 3 illustrates MBPP accuracy as a func-
tion of the large-model quota 7. Our method is
particularly effective in the low-budget regime. At
w1, = 10%, we achieve an accuracy of 54.5, sur-
passing RouterDC (51.0), FrugalGPT (50.5), and
RouteLLM (48.0). This advantage persists as the
quota increases. At 7, = 20% and 40%, our accu-
racy rises to 58.0 and 60.5 respectively, maintain-
ing a clear lead over all baselines. While perfor-
mance improves monotonically with 77, and even-
tually approaches the large-model upper bound,
the gains are most significant at lower budgets.
These results confirm that our approach utilizes

MBPP Accuracy
S

&
&

40 100
Large-model quota 7; (%)

Figure 3: MBPP accuracy vs. large-model quota 7.
Queries are routed to M; based on the top-m;, router
scores.

the limited budget more efficiently than compet-
ing methods.

3.3 Stability Analysis

Beyond average performance, routing methods
should be stable under repeated runs, since com-
plex generation can be sensitive to decoding ran-
domness. We evaluate stability by repeating each
method ten times on each dataset under the same
decoding configuration and reporting the standard
deviation of the task metric across runs.

As shown in Figure 4, Vertical Routing is
consistently stable across all four datasets, with
standard deviation below 0.4%. Averaged over
datasets, it reduces standard deviation by 91.87%
(KNN-Router), 91.07% (MLP-Router), 89.47%
(RouteLLM), 87.50% (RouterDC), and 87.95%
(FrugalGPT).

Compared with difficulty-based routers (KNN-
Router, MLP-Router, and RouteLLLM), which can
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Figure 4: Stability comparison across ten runs. Error
bars indicate standard deviation of the task metric.

fluctuate due to routing errors and sensitivity to
query-level predictions, Vertical Routing is more
stable because it follows a deterministic, template-
driven collaboration policy once a template is
selected. Relative to multi-stage systems such
as RouterDC and FrugalGPT, our method also
shows lower variance, suggesting that budget-
driven stage allocation leads to more consistent
behavior across runs.

3.4 Cost-Performance Analysis

65
Qwen2.5-32B
Vertical Routing (Ours) ~______o—mm==""""
___________ Empirical Pareto frontier
0 ¥

! RouterDC
7

/ FrugalGPT RouteLLM
55

MLP-Router

/

I KNN-Router

50 £
/
/

/

/

Average score (rescaled to [0,100])

W Standalone models

@ Routing baselines

F  Vertical Routing (Ours)
15 Qwen2.5-38 - Empirical Pareto frontier

250 500 750 1000 1250
Average total tokens per instance

Figure 5: Cost—performance trade-off of standalone
models and routing methods. Each point shows aver-
age performance versus total token usage. VERTICAL
ROUTING lies on the empirical Pareto frontier together
with the two standalone endpoints.

As shown in Figure 5, VERTICAL ROUTING
lies on the empirical Pareto frontier together with
the two standalone endpoints, Qwen2.5-3B and
Qwen2.5-32B. Among all routing methods, it is
the only nondominated point: it achieves the high-
est average performance (60.4) while using fewer
total tokens (474.5) than every routing baseline.
All competing routing methods lie below this fron-

tier, indicating less favorable cost—performance
trade-offs.

Compared with the strongest baseline, Rou-
terDC, VERTICAL ROUTING improves average
performance by 2.0 points (60.4 vs. 58.4) while
reducing token usage by 48.9% (474.5 vs. 929.1).
This pattern is consistent with the design of our
framework. Instead of relying on query-level dif-
ficulty prediction or assigning an entire query to
a single model, VERTICAL ROUTING reserves the
large model for critical stages, or for a budgeted
prefix under the default template, and lets the
small model complete the remaining generation.
Its advantage therefore comes from more effective
large-model budget allocation, rather than greater
large-model usage.

4 Case Study: Error Analysis

To characterize the limitations of VERTICAL
ROUTING, we analyze failure instances under
the operating points from Table 1. Leverag-
ing the explicit nature of intermediate outputs
(plans/keywords), we trace errors to three struc-
tural sources: the LLM-Critical Stage, the SLM-
Completion Stage, or (for MBPP) Quota Alloca-
tion.

4.1 Error Taxonomy & Attribution

We categorize errors based on the earliest point of
failure:

¢ Critical-Stage Failure (1 1): The plan (PS)
or keywords (DRT) contain incorrect as-
sumptions or translations. Since Mg is con-
ditioned on this output, the error propagates
inevitably.

¢ Completion-Stage Failure (Mg): The crit-
ical output is correct, but Mg fails during
execution. This includes Execution Errors
(arithmetic slips), Constraint Violations (ig-
noring keywords), or Handoff Failures (devi-
ating from the plan).

* Allocation Failure (Router): Specifically
for MBPP, complex instances are not selected
into the top-mr, quota, forcing Mg to handle
tasks beyond its capability.

4.2 Key Findings

1. Propagation of Critical Errors. The sys-
tem’s correctness is upper-bounded by M. When
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Table 2: Representative error tracing.

Type Description & Diagnosis
Exec. Error | Plan (Mp): Correctly sets up equa-
tions.
Comp (Mg): Arithmetic slip in sub-
traction.
— SLM capacity limitation.
Plan Error | Plan ()): Uses wrong formula for
compound interest.
Comp (Mg): Solves correctly based on
wrong formula.
— Error propagation from M.
Constraint | Key (Mp): Correct terminology pro-
vided.
Comp (Mg): Paraphrases term, violat-
ing constraint.
— Handoff failure (SLM instruction
following).

M, generates a flawed plan or mistranslates a key-
word, Mg often executes this flaw faithfully. This
"blind obedience" confirms that the small model
relies heavily on the critical stage for guidance but
lacks the mechanism to correct upstream errors.

2. The Execution Bottleneck. Even with per-
fect planning, Mg constitutes a reliability bottle-
neck. In Math, we observe frequent arithmetic er-
rors despite correct formulas; in Translation, Mg
occasionally drops constraints. This highlights a
trade-off: vertical collaboration reduces cost but
exposes the system to the inherent limitations of
the small model’s context adherence and reason-
ing precision.

3. Allocation Sensitivity. For MBPP, a signifi-
cant portion of failures stems from the router’s in-
ability to prioritize the "hardest" prompts for the
limited My, budget. This suggests that improving
the ranking signal is as critical as improving the
generation models themselves.

4.3 Representative Cases

Table 2 summarizes typical failure modes.

Implications. Our analysis points to future di-
rections: strengthening critical-stage verification
to stop error propagation, and improving Mg’s in-
struction following to ensure smoother handoffs.

5 Related Works

5.1 Traditional LLLM Routing Approaches

Early research on model routing used methods like
external classifiers (da Rocha, 2022) or heuris-
tic rules, as in Mixture-of-Experts (Shazeer et al.,
2017), to predict query complexity. However,
these approaches often suffered from poor gener-
alization, as superficial features proved to be unre-
liable proxies for true task difficulty. More recent
work leverages the LLM’s own uncertainty esti-
mates for scoring (Kadavath et al., 2022), but this
self-referential method can introduce dependency
loops that diminish cost savings. At a finer grain,
while CITER (Zheng et al., 2025) uses token-level
routing for collaborative inference, its per-token
decisions risk significant computational overhead
and instability. Our routing framework shifts the
focus from predicting the overall difficulty of tasks
to allocating the importance of each stage of inter-
nal sub-tasks.

5.2 Cost-Based LLM Cascading

Cascading strategies offer a parallel line of re-
search that explores dynamic model cascades (Yue
et al., 2024), which switch from smaller, faster
models to larger, more capable ones based on in-
termediate confidence scores or partial outputs, a
concept with parallels in computer vision (Wang
et al., 2021). However, while effective for rout-
ing simple queries, these methods are often ham-
pered by the need for brittle, hand-tuned confi-
dence thresholds that do not generalize well across
datasets. They also incur significant sunk compu-
tational costs when the output of a smaller model
is discarded upon escalation to a larger one (Jame
et al., 2022). To refine the routing signal, Gupta
et al. (2024) introduce token-level uncertainty
measures that correct for the length bias inher-
ent in sequence-level confidence scores. Shift-
ing focus from inference confidence to system-
level metrics, Oh et al. (2024) develop ExeGPT
for constraint-aware resource scheduling, which
optimizes for objectives. In contrast to these ap-
proaches, our VERTICAL ROUTING effectively
balances efficiency and cost through negligible
task classification and flexible template routing
strategies, avoiding the pitfalls of threshold-based
escalation.
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5.3 Multi-Model Collaboration

Research into multi-model collaboration has ex-
plored system-level optimizations, such as Per-
LLM by Yang et al. (2024), which uses person-
alized scheduling for edge-cloud inference based
on network latency and device capabilities. How-
ever, its focus is on the logistical orchestration
of where and when to execute complete mod-
els, treating them as monolithic tasks rather than
decomposing the cognitive workload. Other ad-
vanced routing approaches like RouterDC employ
contrastive learning to navigate the quality-cost
trade-off, while SplitReason (Akhauri et al., 2025)
uses reinforcement learning for alternating reason-
ing between models. While these methods repre-
sent progress in intelligent model selection, they
still rely on complete task assignments rather than
a more granular cognitive decomposition. In con-
trast, we assign collaboration between large and
small models based on the critical score of each
reasoning stage, enabling a true division of cogni-
tive labor.

6 Conclusion

We introduced VERTICAL ROUTING, a collabo-
rative inference framework that replaces query-
level difficulty prediction with dataset-level tem-
plate selection and stage-level budget allocation.
By assigning the large model to critical stages (or
a budgeted prefix under the default template) and
letting the small model complete the remaining
generation, VERTICAL ROUTING enables a sim-
ple and robust division of labor within a single an-
SWer.

Empirically, across GSM8K, MATH, and
WMT, VERTICAL ROUTING achieves the best av-
erage performance while using substantially fewer
tokens and a smaller large-model output share
than strong routing baselines. On MBPP, un-
der matched expected large-model budgets en-
forced by a routing quota, it remains most ef-
fective in the low-budget regime. Moreover,
across repeated runs, VERTICAL ROUTING ex-
hibits markedly lower variance than query-level
routing methods, highlighting its robustness for
deployment.

Future work includes improving the reliabil-
ity of critical-stage outputs (to reduce error prop-
agation), strengthening completion-stage execu-
tion (e.g., lightweight verification for arithmetic
and constraint satisfaction), and extending domain

templates beyond math and translation.

7 Limitations

VERTICAL ROUTING is most effective for recur-
ring task families, where task-family identifica-
tion, template selection, and prefix-budget cal-
ibration can be reused across many instances.
These are task-level setup costs rather than per-
query costs. The framework does not require syn-
chronous large-batch inference, but its advantages
are less well amortized in smaller, highly het-
erogeneous, or long-tailed workloads, especially
when many task families have only a small num-
ber of examples. Specialized templates are op-
tional rather than universal: when task structure is
unclear, the default prefix-first template serves as
a conservative fallback. We also do not systemat-
ically evaluate automatic grouping, classification
noise, or very small-batch settings.

The framework is further limited by the execu-
tion ability of the small model. Even with strong
guidance from the large model, failures can persist
when the small model must maintain long-range
dependencies or strict execution correctness, as in
coding tasks.

Our experiments use a single model family for
controlled comparison. While the framework it-
self is defined at the level of text-based stage hand-
off and is not restricted to same-family pairings,
cross-family combinations may require interface
normalization and separate calibration.
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A Lightweight Routers Are Close to
Random Guess

This appendix evaluates whether lightweight
routers can reliably predict query difficulty from
the initial query alone. We focus on KNN-Router
and MLP-Router, and test their ability to decide
whether an input should be routed to the LLM or
the SLM.

Constructing easy vs. hard instances. For each
domain (translation, math, and code), we construct
a binary difficulty set by forming two groups: easy
instances that the small model can handle well,
and hard instances that require the large model.
For math and code, we label an instance as easy
if the SLM produces a correct solution under the
same decoding setup, and as hard if the SLM fails
but the LLM succeeds. For translation, we follow
the same principle by using sentence-level qual-
ity: an instance is easy if the SLM achieves high
translation quality, and hard if the SLM quality
is low while the LLM is substantially better. We
then subsample to make the two groups balanced
(50/50), so random guessing yields 50% accuracy.
Given a query as input, the router predicts whether
it belongs to the hard group (route to LLM) or the
easy group (route to SLM).

Results. As shown in Figure 1, both routers per-
form close to the 50% random baseline across
domains. KNN-Router achieves about 51.8%
(Translation), 52.8% (Math), and 51.8% (Code),
while MLP-Router achieves about 48.9%, 48.9%,
and 51.8%, respectively. These results indi-
cate that query-level difficulty prediction using
lightweight routers provides limited signal and can
be unreliable, motivating routing strategies that do
not hinge on a single up-front difficulty decision.

B Budget-Matched Order Comparison
for the Default Template

Under the same large-model token budget, letting
the large model generate the prefix (L—S) is con-
sistently better than letting the small model gener-
ate the prefix (S—L).

Setup. We evaluate on the GSMS8K test set with
1,319 instances, using Qwen2.5-32B as the large
model M; and Qwen2.5-3B as the small model
M. We fix the decoding configuration and the
total generation cap K (max_new_tokens) for the
final answer. Given a cost budget, we compute

the large-model output budget via Eq. (4), which
yields a large-model token capacity B (equiva-
lently, a fraction p = B/K).

Under the same large-model token budget B,
we compare two continuation orders: L—S lets
M, generate up to min(B, K) tokens, then M;
continues until reaching K; S—L lets M, gen-
erate the prefix, and M; generates the remaining
tokens up to the same budget B. Thus, the two
settings differ only in the order of model usage,
not in the amount of large-model generation.

72.5 4 —@— LS (LLM prefix, SLM continuation)
S—L (SLM prefix, LLM continuation)

0.0 0.2 0.4 0.6 0.8 1.0
Large-model token fraction p

Figure 6: Budget-matched comparison on GSM8K
(Qwen2.5-32B/3B). For the same large-model token
fraction p, L—S consistently outperforms S—L.

Results. Figure 6 shows that L—S outperforms
S—L across a wide range of budgets. When p €
[0.1,0.5], L—S achieves higher accuracy by about
4-6 points (e.g., 79.2 vs. 75.4 at p = 0.1, 84.7 vs.
78.3 at p = 0.25, and 88.4 vs. 83.7 at p = 0.5).
As expected, the two orders coincide at the end-
points: at p = 0 both reduce to the small model
(75.0%), and at p = 1 both reduce to the large
model (90.6% vs. 90.2%). These results support
the prefix-first prior used by the default template:
with the same large-model budget, allocating the
large model to early generation yields better over-
all outcomes than allocating it to later tokens.

C Template Selection and Prompt
Templates

Once a task family is deemed suitable for a
domain-specific template, we design the template
by identifying a minimal reusable stage decom-
position, requiring an explicit intermediate hand-
off between stages, and assigning the large model
to the stage whose errors are most propagation-
prone.
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C.1 Applying the Template-Selection
Checklist: GSM8K and MBPP

To make the template-selection procedure con-
crete, we apply the three checks from Sec. 2.4.1
to two representative task families: GSMS8K,
which is assigned a domain-specific template, and
MBPP, which uses the default prefix-first tem-
plate. In both cases, the decision is made once
at the task level after reading the task descrip-
tion and inspecting a small non-test develop-
ment/calibration subset; the template is not re-
selected for each individual query.

GSMS8K — Plan-and-Solve (PS).
all three checks are satisfied.

For GSMSK,

* Check 1 (shared stage structure): Most
GSMS8K problems follow a reusable plan —
solve structure. A first stage identifies the rel-
evant quantities and the operation sequence,
and a second stage executes that plan to reach
the final answer.

* Check 2 (stage dependency): The later
stage explicitly depends on the earlier stage.
The solution stage uses the plan produced in
the first stage as its scaffold for computation.

* Check 3 (stage criticality gap): The plan-
ning stage is more critical. If the wrong quan-
tities or operation order are selected, the later
execution stage will usually follow that mis-
take, producing a hard-to-recover error. By
contrast, the second stage is mainly execution
of the identified plan.

Since all three checks are satisfied, GSMS8K is as-
signed the domain-specific PS template.

MBPP — Default prefix-first. For MBPP, the
evidence for a reusable domain-specific template
is weaker, so we use the default prefix-first tem-
plate.

* Check 1 (shared stage structure): Although
many MBPP instances can loosely be viewed
as understand the specification — write the
code, the intermediate structure is not sta-
ble enough to define a single reusable task-
specific handoff template across most prob-
lems. Different instances require different
kinds of decomposition, such as arithmetic
logic, string processing, recursion, or data-
structure manipulation.

* Check 2 (stage dependency): The final code
depends on the full problem statement and
unit tests, not simply on executing a previ-
ously generated intermediate artifact. A short
plan can help, but it is not a sufficiently ex-
plicit and reliable scaffold in the same way as
a math plan or a terminology list in transla-
tion.

* Check 3 (stage criticality gap): Criticality
is less cleanly separated across stages. In
code generation, correctness can fail at many
points in the program, and later tokens may
either introduce or repair bugs. Thus, we do
not observe a single reusable stage whose er-
rors are consistently more propagation-prone
across most instances.

Because the checklist does not provide strong evi-
dence for a specialized template, MBPP falls back
to the default prefix-first template. This conser-
vative fallback still lets the large model provide
a strong early scaffold, without imposing a brittle
task-specific decomposition.

These two examples illustrate the intended use
of the checklist: we adopt a domain-specific tem-
plate only when shared stage structure, explicit
stage dependency, and non-uniform stage critical-
ity are all clearly supported at the task level; other-
wise, we conservatively use the default template.

Template—task alignment. In our framework, a
template is considered aligned with a task family
when three properties recur across representative
instances: the same ordered stage decomposition
appears repeatedly, the output of one stage is ex-
plicitly used by the next stage as a plan, constraint,
or scaffold, and the stages have non-uniform crit-
icality. Mathematics and translation satisfy these
conditions in our benchmark, but the same prin-
ciple can be applied to other tasks with similarly
stable structure. When any of these properties is
weak or unclear, we use the default prefix-first
template instead.

C.2 Mathematical Reasoning Template:
Plan-and-Solve (PS)

For mathematical reasoning tasks, we decompose
the process into a strategic planning stage and a
step-by-step execution stage. This aligns with the
Plan-and-Solve (PS) prompting method.

Stage 1: Strategy Planning (Executed by M7)
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Instruction: [Input Query]

Let’s first understand the problem and
devise a plan to solve the problem.
Please list the logical steps required, but
do not perform the final calculations yet.

Stage 2: Step-by-Step Execution (Executed by
Ms)

Instruction: [Input Query]

Plan: [Output from M7, ]

Based on the problem and the plan
above, let’s carry out the plan and solve
the problem step by step to find the final
answer.

C.3 Translation Template: Deep Reasoning
Translation (DRT)

For machine translation tasks, we decompose the
process into a terminology-and-constraint identifi-
cation stage and a full-sentence generation stage.
This aligns with the Deep Reasoning Translation
(DRT) prompting method. The first stage iso-
lates lexical choices that strongly constrain the fi-
nal translation, while the second stage produces a
fluent full translation under these constraints.

Stage 1: Terminology and Constraint Identifi-
cation (Executed by M)

Instruction: [Input Query]

First identify the key terms, named en-
tities, and domain-specific expressions
in the source sentence whose transla-
tion is critical to adequacy and consis-
tency. Please provide a concise list of
these source expressions together with
their preferred translations, but do not
generate the full translation yet.

Stage 2: Constraint-Guided Full Translation
(Executed by Mg)

Instruction: [Input Query]
Terminology / Constraints:
from M7y)]

Based on the source sentence and the
terminology constraints above, generate
a complete, fluent, and faithful transla-
tion. Ensure that the specified transla-
tions are preserved consistently in the fi-
nal output.

[Output

C.4 Default (Prefix-First) Template

For general-purpose tasks where task-specific
structures are latent, we follow a prefix-first prior
where M7, establishes a high-quality foundational
prefix.

Stage 1: Foundational Prefix (Executed by M)

Instruction: [Input Query]

Provide a high-quality, logically sound,
and clear initial reasoning or starting
portion of the response to the query
above.

Stage 2: Contextual Continuation (Executed by
Msg)

Instruction: [Full Input Query] + [Prefix
Output from M7 |

Continue the response logically based
on the provided context and initial rea-
soning until the completion.

D Baseline hyperparameters

We adopt the recommended configurations from
the corresponding papers and official implemen-
tations for all baselines. For baselines with
calibratable/tunable threshold parameters (e.g.,
RouteLLM’s cost threshold and FrugalGPT’s
stopping thresholds), we determine these thresh-
olds following the authors’ prescribed calibra-
tion procedure on a held-out validation set (or
a calibration split matched to the test distribu-
tion) under the same budget constraint. In par-
ticular, RouteLLM’s README explicitly recom-
mends threshold calibration and provides example
thresholds and commands for reproducing the cal-
ibration workflow.

* KNN-Router: cosine kNN on prompt em-
beddings; number of neighbors k£ = 40; em-
bedding model al1-MinilM-L12-v2.

* MLP-Router: MLP on prompt embed-
dings; two hidden layers with 100 units
each, ReLU; learning rate 1073; embeddings
all-MinilM-L12-v2.

* RouteLLM: matrix-factorization router
(mf); routing controlled by a cost threshold
7 calibrated on the validation/calibration
split to match the target strong-model usage
(budget).
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Table 3: GSMS8K comparison between the default
prefix-first template and the PS template. RouterDC
and FrugalGPT are included as the two strongest refer-
ence baselines on GSM8K. The best is in bold and the
second-best is underlined.

Table 4: WMT comparison between the default prefix-
first template and the DRT template. RouterDC and
FrugalGPT are included as the two strongest reference
baselines on WMT. The best is in bold and the second-
best is underlined.

Method Acc.  Tok. PL Method BLEU Tok. PL
RouterDC 852 881l.5 464 RouterDC 37.2 980.4 38.8
FrugalGPT 827 801.6 449 FrugalGPT 34.6 690.8 27.6
Ours (Default prefix-first) 85.7 5193 25.0 Ours (Default prefix-first)  37.9 6074 25.0
Ours (PS template) 87.8 4074 23.7 Ours (DRT template) 38.8 525.1 184
* RouterDC: encoder mDeBERTaV3-base; Table 4 shows a similar pattern on WMT. The

AdamW with Ir 5 x 10~ and weight decay
1072; batch size 64; 1000 training steps;
Kt=3,K =3,H=3,A=1, N =5.

* FrugalGPT: cascade with a scorer/judger;
key parameters are cascade order and stop-
ping thresholds {7,} calibrated on the valida-
tion/calibration split under the same budget
constraint.

E Default Prefix-First vs. Specialized
Templates on Structured Tasks

E.1 Default Prefix-First vs. PS on GSMSK

To further assess the default template on a task
that already admits a domain-specific template, we
compare the default prefix-first template with the
PS template on GSM8K. We use the same model
pair, decoding setup, and evaluation protocol as in
the main experiments.

Table 3 shows that the default prefix-first tem-
plate is already a strong conservative fallback on
GSMSK. It outperforms both RouterDC and Fru-
galGPT, while remaining below the PS template.
This is consistent with our template-selection rule:
when a task exhibits a stable plan — solve struc-
ture, the domain-specific PS template is prefer-
able; when such structure is weak or unclear, the
default prefix-first template provides a strong fall-
back.

E.2 Default Prefix-First vs. DRT on WMT

To further assess the default template on a struc-
tured translation task, we compare the default
prefix-first template with the DRT template on
WMT. We use the same model pair, decoding
setup, and evaluation protocol as in the main ex-
periments.

default prefix-first template already serves as a
strong conservative fallback: it outperforms both
RouterDC and FrugalGPT, while remaining be-
low the DRT template. This again matches our
template-selection rule. When a task exhibits
a stable reusable structure—here, terminology
grounding followed by constrained translation—
the specialized template is preferable; when such
structure is weak or unclear, the default prefix-first
template remains a competitive task-agnostic fall-
back.

Taken together, these results clarify the role
of the default prefix-first template. It is not in-
tended to replace well-matched domain-specific
templates on structured tasks. Rather, it provides a
strong conservative fallback that remains competi-
tive even when such structure exists, while special-
ized templates yield further gains when the task
admits a stable reusable stage decomposition.

F Size-Weighted Cost Proxy

Table 1 reports raw token usage (Tok.) for trans-
parency, but raw tokens count small-model and
large-model tokens equally. To provide a more
cost-aware view, we additionally report a size-
weighted cost proxy that can be derived directly
from the summary statistics in Table 1.

Our true cost definition in Eq. 1 uses per-
model input and output token counts with model-
dependent coefficients. However, Table 1 reports
only the total token usage and the large-model out-
put share py, rather than the full decomposition
into T, TE“t, T and Tg“t. We therefore use
pr as a proxy for the large-model token share and
define a simple size-weighted proxy with

32

csg =1, cr = 3 =~ 10.67,
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Table 5: Size-weighted cost proxy derived from Table 1 using cs = 1 and ¢, = 32/3. Lower is better. Units can
be interpreted as 3B-token equivalents.

Method GSM8K  MATH WMT AVG

Qwen2.5-3B 211.6 301.2 410.3 307.7

Qwen2.5-32B  10552.5 17577.6 14722.1 14283.7
KNN-Router 1160.0 28129 1781.4 1888.0
MLP-Router 1500.1 3038.7 1826.2  2102.5
RouteLLM 35414 44279 30204  3656.5

RouterDC 4835.3 5657.6  4657.6  5060.5
FrugalGPT 4280.8  5546.5 25339  4029.5
Ours 1340.8 23131 14591  1703.8

following the model-size ratio between Qwen2.5-
3B and Qwen2.5-32B. For routed methods, we
compute

~ 32 PL
=Tok (1 ——1]—=].
c=r < *(3 )100)

For the two standalone models, we use

~ ~ 32
CgB = TOk, 0323 = gTOk.

This proxy is not an exact reconstruction of
Eq. 1, but it provides a more faithful relative cost
view than raw token counts alone.

Under this proxy, our method remains the
lowest-cost routing method on all three tasks and
in the average view. This is consistent with Ta-
ble 1: among routing methods, ours combines
both low raw token usage and a low large-model
output share.
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