BP-LLM: Belief Propagation for Binary Feedback in Large Language
Model Alignment

Jessica E. Liang
Department of Computer and Information Science
University of Pennsylvania
Philadelphia, PA 19104 USA
jeliang@seas.upenn.edu

Abstract

Preference-based alignment methods such
as Direct Preference Optimization (DPO)
and Binary Classifier Optimization (BCO)
offer efficient alternatives to reinforcement
learning from human feedback (RLHF).
However, they often treat comparisons as
independent labels and do not explicitly
model uncertainty, which can lead to mis-
calibration and reduced robustness under
noisy or heterogeneous feedback. We in-
troduce Belief Propagation for Large Lan-
guage Model Alignment (BP-LLM), a
probabilistic framework that views binary
feedback as noisy observations of latent re-
ward margins under a policy-induced Gaus-
sian prior.  Using the Jaakkola—Jordan
variational bound, BP-LLM yields closed-
form Gaussian message updates and per-
forms stable belief propagation between a
classifier-side inference module and the pol-
icy. Exchanging extrinsic messages enables
both modules to refine beliefs without dou-
ble counting and recovers BCO and DPO
as special cases. We evaluate BP-LLM in
two regimes. In an inference-only setting
with frozen LLM weights, BP-LLM consis-
tently improves label-free test-time win rate
over BCO and DPO across UltraFeedback,
Capybara, and HelpSteer2 for open-weight
Llama and Qwen models. In a training-time
setting with parameter-efficient LoRA up-
dates, BP-LLM also outperforms Cal-DPO
with higher win rates. Overall, BP-LLM is
most beneficial under noisy/heterogeneous
(or unary) feedback, where posterior refine-
ment and extrinsic shaping provide more
reliable signals than hard labels, while re-
maining lightweight and scalable.’

1 Introduction

Large language models (LLMs) have demon-
strated remarkable generative capabilities, yet
aligning them with nuanced human preferences
remains a fundamental challenge. While super-
vised fine-tuning and reinforcement learning from
human feedback (RLHF) have become standard
alignment strategies, their practical deployment is
constrained by label scarcity, instability during op-
timization, and the lack of calibrated reward mod-
els. Recent binary-feedback approaches such as
Direct Preference Optimization (DPO) (Rafailov
et al., 2023) and Binary Classifier Optimization
(BCO) (Jung et al., 2025) simplify alignment by
replacing reinforcement learning with logistic or
cross-entropy objectives. Despite their efficiency,
these methods treat each comparison as an inde-
pendent observation and do not explicitly model
the uncertainty or latent structure of human feed-
back. As a result, policies trained under such
frameworks can suffer from miscalibration and
limited robustness to noisy or inconsistent anno-
tations.

This work addresses these limitations by in-
troducing a probabilistic inference perspective on
binary-feedback alignment. We propose Belief
Propagation for Language Model Alignment (BP-
LLM), a framework that treats each binary label
as a noisy observation of a latent reward mar-
gin and couples it with a policy-induced Gaussian
prior. This construction transforms the alignment
process into a form of message passing between
the classifier and the policy: the classifier infers
soft evidence about latent rewards, and the policy
updates its logits based on the extrinsic informa-
tion received. Crucially, BP-LLM avoids double
counting by explicitly separating prior and extrin-
sic contributions, ensuring that updates are consis-
tent across iterations.

"The code is available at https://github.com/

jelcis26/BP-LLM The core of BP-LLM is a closed-form Gaussian
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Figure 1: Binary preference feedback and how it is processed by DPO, BCO, and BP-LLM.

message update derived using the Jaakkola—Jordan
(JJ) wvariational bound (Jaakkola and Jordan,
2000), which transforms the logistic likelihood
into a tractable quadratic surrogate. This yields an
analytically solvable posterior update and enables
stable belief propagation even with non-conjugate
likelihoods. By iterating between classifier-side
inference and policy-side updates, BP-LLM effec-
tively refines the reward posterior without requir-
ing additional labels or gradient-through-sampling
steps. The result is a flexible, calibration-free
mechanism that generalizes both BCO and DPO as
special cases within a unified probabilistic frame-
work. Figure 1 provides an intuitive “end-to-end”
view of the preference-alignment supervision sig-
nal (human or LLM-judge) and how DPO, BCO,
and BP-LLM leverage it.

Empirically, we evaluate BP-LLM across
three public preference corpora: UltraFeed-
back (Cui et al., 2023), Capybara (Daniele and
Suphavadeeprasit, 2023), and HelpSteer2 (Wang
et al., 2024), using open-weight models from the
Llama 3 (Dubey et al., 2024) and Qwen 2.5 (Qwen
Team, 2024) families. We study BP—LLM in two
complementary regimes. First, in an inference-
only setting with frozen LLM weights, BP-LLM
consistently improves label-free test-time win rate
over both BCO and DPO across datasets and
model scales, with the largest gains on smaller

models and noisier datasets, highlighting robust-
ness to limited capacity and heterogeneous su-
pervision. Second, in a training-time setting
with parameter-efficient LoRA updates to the pol-
icy, BP-LLM also outperforms Cal-DPO (Xiao
et al.,, 2024) across all model-dataset configu-
rations with higher win rates. BP-LLM is a
lightweight, interpretable probabilistic framework
for preference alignment that unifies classifier and
policy updates while improving robustness and
calibration via iterative message passing.

2 Related Work

Alignment from human and Al feedback. Re-
inforcement Learning from Human Feedback
(RLHF) trains a reward model from pairwise pref-
erences and then optimizes a policy against that re-
ward with Kullback—Leibler (KL) control to a ref-
erence (Ziegler et al., 2019; Ouyang et al., 2022).
Anthropic’s helpful/harmless pipeline and Consti-
tutional Al reduced the reliance on direct human
labeling by leveraging Reinforcement Learning
from AI Feedback (RLAIF) (Bai et al., 2022a,b).
Subsequent analyses documented challenges such
as reward overoptimization and miscalibration
(Gao et al., 2023; Stiennon et al., 2020), motivat-
ing objectives that avoid explicit RL updates while
keeping a KL anchor.
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Preference-only objectives (no explicit RL).
DPO optimizes a Bradley-Terry likelihood us-
ing policy-reference log-ratios on pairwise data
(Rafailov et al., 2023). Many variants improve
regularization, stability, and data efficiency: Iter-
ative Preference Optimization (IPO) (Yang et al.,
2025), ORPO (single-model optimization without
an explicit reference) (Hong et al., 2024), SimPO
(reference-free scaling) (Meng et al., 2024), and
PRO (ranking-oriented) (Song et al., 2024). List-
wise/ranking approaches like RRHF exploit mul-
tiple candidates per prompt without training a re-
ward model (Yuan et al., 2023). BCO moves
to unary supervision and shows that minimizing
BCE upper-bounds DPO up to a reward shift (Jung
et al., 2025), connecting binary-feedback training
to preference optimization.

Robust, calibrated, and listwise preference
learning. Robust preference training addresses
noisy labels, annotator heterogeneity, and distri-
bution shift (Liang et al., 2024; Fisch et al., 2024).
Calibrated or temperature-aware objectives tar-
get more reliable likelihood ratios (Xiao et al.,
2024; Guo et al., 2017). Listwise and Plackett—
Luce/Bradley—Terry extensions capture partial or-
ders and multi-candidate settings (Plackett, 1975;
Bradley and Terry, 1952). Our BP-LLM con-
tributes an inference layer that denoises unary
signals and yields per-instance posterior rewards
prior to policy shaping.

Datasets for preference alignment. We evalu-
ate on three public corpora: UltraFeedback (Cui
etal., 2023), Capybara (Daniele and Suphavadeep-
rasit, 2023), and HelpSteer2 (Wang et al., 2024).
Other widely used resources include HH-RLHF
(Bai et al., 2022a), SHP/SHP-2 (Poddar et al.,
2024; Gao et al., 2020), and OASST-1 (Kopf et al.,
2023), which span helpfulness/harmlessness, top-
ical breadth, and diverse annotator populations.
These benchmarks collectively stress generaliza-
tion, calibration, and robustness under varying
feedback quality.

Belief propagation and KL-regularized control.
BP performs marginal inference by exchanging
messages on factor graphs; on trees it is exact,
while on loopy graphs it approximates station-
ary points of a Bethe free energy (Pearl, 1988;
Yedidia et al., 2000, 2005). Turbo decoding pop-
ularized extrinsic log-likelihood ratios to avoid
double counting across modules (Berrou et al.,

1993). For logistic links, the Jaakkola—Jordan
quadratic bound provides Gaussian-form updates
with closed-form message passing (Jaakkola and
Jordan, 2000). KL-regularized control (REPS,
MPO) yields exponential tilting of a reference pol-
icy and directly motivates the log-ratio param-
eterization used in preference objectives (Peters
et al., 2010; Abdolmaleki et al., 2018). BP-LLM
bridges these lines: a Gaussian prior whose mean
is a temperature-scaled policy-reference log-ratio
combines with a logistic observation via JJ sur-
rogates; exchanging only extrinsic information
stabilizes loopy schedules and mitigates double
counting.

Position within alignment methods. Com-
pared to RLHF/RLAIF (Ouyang et al., 2022; Bai
et al., 2022b), BP-LLM keeps simple supervised
updates while improving robustness via posterior
(soft) rewards under unary feedback. Relative
to DPO/BCO (Rafailov et al., 2023; Jung et al.,
2025), BP-LLM adds a principled inference layer
that calibrates per-instance signals and accommo-
dates annotator variability, connecting alignment
practice to well-studied BP and free-energy tools
(Yedidia et al., 2005).

3 Belief Propagation for Binary
Feedback in LLM Alignment

3.1 Problem Formulation

Setting and challenge. We study binary/unary
feedback alignment where training data provides
only a single noisy preference signal per response
(e.g., a binary label indicating accept/reject),
rather than paired comparisons. Existing ap-
proaches capture complementary pieces of this
setting: BCO (Jung et al., 2025) provides a prob-
abilistic view of learning from unary feedback,
while DPO-style objectives (Rafailov et al., 2023)
provide stable, reference-anchored policy shaping.
However, these perspectives are typically devel-
oped in isolation, and naively combining them
risks inconsistent evidence use: the same label
information may be implicitly counted multiple
times through both the classifier and the policy up-
date, or lost when alternating between stages.

Our probabilistic formulation. We develop a
BP formulation for binary-feedback alignment
that unifies the BCO approach (Jung et al., 2025)
and DPO-style shaping (Rafailov et al., 2023)
within a single probabilistic framework. The cen-
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tral idea is to treat each unary label as a noisy ob-
servation of an unobserved reward margin, and to
let the policy induce a Gaussian prior over that
margin. This view allows the classifier and pol-
icy to exchange information through consistent,
closed-form BP message updates, ensuring that
evidence is neither double-counted nor lost as pa-
rameters evolve. The overall procedure can be
interpreted as an alternating variational inference
and policy update loop—analogous to loopy BP
or expectation—propagation fixed-point iterations.

Binary-feedback model. Consider a dataset
D = {(zi,yi,b;)}}, consisting of prompts z;,
completions y;, and binary feedback b; € {0,1}.
BCO trains a classifier g,(x,y) using binary
cross-entropy, where the classifier logit 7 (x,y)
acts as an implicit reward. It has been shown that
this implicit reward upper-bounds the DPO ob-
jective up to a constant shift (Jung et al., 2025;
Rafailov et al., 2023). To represent this in a prob-
abilistic graphical model, we introduce a continu-
ous latent variable R; € R for each pair (z;,y;),
which captures the underlying reward margin.
Each observed label b; is modeled as a logistic
(Bernoulli) observation:

p(b; = 1| R;) =0 (vR;), (1)

1

= 2
o(e) == @)
where v > 0 controls the sharpness of the binary
link. Intuitively, R; plays the role of a latent “re-
ward logit,” with positive values indicating prefer-
ence for b; = 1.

Policy-induced Gaussian prior. To connect the
latent reward with the policy, we place a Gaussian
prior over I?; whose mean encodes the policy’s rel-
ative log-probability against a fixed reference:

Ri ~ N(pi(0),7%), 3)

wi(0) = flog ZWLT) 5y
Teet (Vi | 4)
Here, 5 > 0 is a temperature scaling factor, § is a
global reward shift, and 72 is a variance hyperpa-
rameter controlling the prior strength. In practice,
i (0) can be computed from token log-likelihoods
(e.g., mean- or sum-normalized) and the reference
Tref provides regularization and score calibration.

Connection to KL-regularized policy optimiza-
tion. Setting the prior mean to the KL.—anchored

log-probability ratio follows from the family of
KL-constrained or regularized policy optimiza-
tion methods. In Relative Entropy Policy Search
(REPS) (Peters et al., 2010) and Maximum a Pos-
teriori Policy Optimization (MPO) (Abdolmaleki
et al., 2018), the optimal policy is expressed as an
exponential tilt of a frozen reference distribution:

Thew (G | 8) X Tret(a | s) exp(%A(s,a)), 5)

where 7 > 0 is a temperature (Lagrange multi-
plier) and A(s, a) denotes the advantage or reward
signal. Taking logs gives the canonical “policy
logit” 1og Mew — l0g Mpef = %A(s, a), which nat-
urally motivates the prior mean in (3):

1i(0) = Bllogme(yi|zi) — log meef (yi | xi)] — 9.

(6)
In preference optimization, DPO (Rafailov et al.,
2023) explicitly maximizes this same log-ratio be-
tween the learned policy and the reference. Our
unary p;(6) can therefore be viewed as the direct
probabilistic analogue of the DPO objective at the
instance level.

Posterior factorization and double loop. If
i (0) were fixed, the posterior over all latent re-
ward margins R = (R, ..., Ry) factorizes:

N
p(R|b,0) o Hp(bi | Ri)p(Ri [ 0), (1)
i=1
yielding independent updates for each data point.
However, since 4;(6) depends on the shared pa-
rameters 6, the posterior factors are implicitly cou-
pled through the policy. To manage this depen-
dency, we employ a double-loop scheme:

(i) Inference step: for fixed 6, infer the approx-
imate posterior ¢(R;) using BP message up-
dates.

(ii) Policy update: holding ¢ fixed, update 6 using
soft signals (e.g., extrinsic LLRs) distilled from
q.
This alternation corresponds to the free-energy
fixed-point interpretation of loopy BP, where in-
ference and parameter updates converge jointly
to a stationary point of the variational free-
energy (Yedidia et al., 2000, 2005). The resulting
BP-LLM framework thus generalizes DPO and
BCO by introducing a probabilistic latent-variable
layer that supports both classifier-based inference
and policy-side shaping within a single, analyti-
cally tractable system.

141¢



3.2 Quadratic Surrogate and Gaussian
Messages

The logistic likelihood o(vR;) and the Gaussian
prior p(R; | 0) = N(pi(0),72) are not conju-
gate, so their combination yields a non-analytic
posterior. To obtain tractable closed-form message
updates, we apply the Jaakkola—Jordan (JJ) varia-
tional bound (Jaakkola and Jordan, 2000), which
locally upper-bounds the concave log o () term by
a quadratic surrogate in R;. This converts the lo-
gistic factor into a Gaussian-form message com-
patible with the Gaussian prior.

The JJ quadratic bound. For any &; > 0, the JJ
bound states that

log o(yR;) > gRi — M&)R? + (&), ®)

_ tanh(¢/2)
=

where ¢(¢;) is independent of R;. This bound is
obtained by matching the gradient and curvature
of the RHS to those of logo(z) at z = &, pro-
ducing the tightest quadratic majorizer. Intuitively,
A(&;) controls the local curvature: when &; is large
(high confidence), A\(&;) is small and the surro-
gate is nearly linear; when ¢&; is small, A(&;) in-
creases, introducing stronger curvature to reflect
higher uncertainty. A detailed derivation appears
in Appendix A.

A€) ©)

Conditioning on the observed label. Given a
binary label b; € {0, 1}, we can rewrite the likeli-
hood as

(10)
(In

p(bi | Ri) = o(%iRs),

which simply flips the sign of ~ depending on
whether b; = 0 or 1. Applying the JJ bound gives
logp(bs | Ri) > SR — M&)R! + (&),
(12)
and exponentiating the terms dependent on R;
yields a Gaussian-form likelihood message:

mii () o GXP(%%Ri - /\(fi)R?)- (13)

This message effectively represents a soft observa-
tion that contributes a linear term %’yi R; and a pre-
cision increment 2 (&;) to the posterior in natural-
parameter form.

Combining with the Gaussian prior. The pol-
icy provides a Gaussian prior,
p(Ri | 0) = N(ui(0), 7%) (14)

1
o exp( - ﬁ(Ri . Mi(e))Q), (15)

whose log-density expands as
|- -2
logp(R; | 0) = =57 Ry + 77 “pi(0)R; + const.

Let ¢(R;) denote the variational belief over R;.
Using the JJ quadratic bound, we obtain
q(Ri) o p(R;|0)exp(logo(7iR;))  (16)
~ p(Ri| 6) exp(35iR: — AR},

then

1 1.
log q(R;) = _ﬁ(Ri — 1i(6))* + Sl

— A(&)R? + const

= ()R

4 (T—%(a) + %%)Ri + const. (18)

A7

Recognizing this as the canonical exponential-
family form of a Gaussian, we identify the pos-
terior natural parameters:

A =71724208), (19)
ni =1 wi(0) + 3% (20)

Hence the posterior over R; is Gaussian,
(21)

The algebraic derivation of these updates is pro-
vided in Appendix B.

Updating the surrogate parameter. To tighten
the bound, &; is set to the expected magnitude of
the linear term under the current posterior:

& — WIWE(RY = W\/id +72 (22)

Iterating this update for two or three inner steps
produces a locally optimal quadratic approxima-
tion, ensuring that the bound remains tight in the
region where most posterior mass lies.
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Extension to pairwise preferences. If a prompt
provides a pairwise preference (y,, > y;), we in-
troduce a coupling factor o (y(Ry — Ry)). Apply-
ing the same JJ bound yields cross-terms of the
form —2A (&) Ry Ry in the joint precision matrix,
making the graph weakly loopy. To ensure nu-
merical stability, we apply exponential damping to
these loopy messages:

(t) — (1 - )‘damp)m( ) + )\dampm (23)
which smooths successive message updates and
stabilizes convergence with Aqamp € [0, 1).

Interpretation. The JJ surrogate thus replaces
each logistic factor with a locally Gaussian factor
whose curvature is governed by A(;). This allows
the binary-feedback model to remain fully differ-
entiable and analytically solvable under Gaussian
message passing, enabling efficient, stable updates
even in large-scale BP-LLM inference.

3.3 Extrinsic Messages and Alternating
Updates

To communicate what the classifier-side infer-
ence “learned” about the binary label while avoid-
ing double counting, we summarize the posterior
q(R;) by an extrinsic log-likelihood ratio (LLR)
message sent to the policy. The term “extrinsic”
follows its standard use in BP: each outgoing mes-
sage excludes the information that originated from
the destination node, ensuring that only new evi-
dence is passed forward.

Definition of the LLR. We define the LLR as
the log-likelihood ratio between the two binary hy-
potheses b=1 and b=0:

LLR = log 2 pb= ;) (24)

p(b=01-)"

In the logistic observation model, p(b=1 | R;) =

o(yR;) and p(b=0 | R;) = 1 — o(yR;), so the

LLR equals the log-odds (or logit):
()

log ———— = z.

1—0(z) (25)

Taking expectation under the approximate poste-
rior ¢(R;) gives

cls _ U(VRZ)
LLR; Eq(r,) {log T otnR) U(’YRi)] (26)
= v Ey(ry[B] = 7 fui, (27

where [i; = E4[R;] is the posterior mean. The
final approximation uses a first-order expansion
since o(yR;) is locally linear for small posterior
variance.

Extrinsic subtraction. To avoid reusing infor-
mation already encoded in the policy prior, we re-
move the prior contribution to obtain a purely ex-
trinsic classifier message:

EXSS = LLRS® — 1(6)

= LLR{" — | Blog elilrel — 51

(28)

This subtraction ensures that the classifier passes
only the new evidence inferred from (x;,y;, b;),
excluding what the current policy already predicts.

Policy update. The resulting EX$' acts as a soft
reward signal that can be used in two equivalent
styles:

1. DPO-style shaping: maximize

Z EXcls 1

with a KL anchor to 7.

Uy yz ’ 1'1

29
8 et | 20) D)

2. Soft-label BCO: map EX?ls to a soft target
p; = o(EX$®) and minimize

Lpce = — pilogo(pi(0))

— (1= pi)log (1 — o (pi(9))).
(30)

Policy-to-classifier feedback. After updating
the policy, we compute a feedback message to re-
fine the Gaussian prior for the next JJ/BP iteration:

EXP = 115(6)

— pi(Boa)- (€29)

This feedback expresses the incremental change in
the policy’s latent reward mean and closes the al-
ternating inference—update loop.

Stopping rule. In BP-LLM, the iterative deci-
sion process terminates when the alternating up-
dates between the classifier and policy modules
converge. Convergence is detected when the aver-
age change in extrinsic log-odds (LLRs) becomes
negligible, r(®) = |EX5®) — pxels-1| 4
]EXpOl’(t) — EXpOl’(t71)| < Tex, Or when deci-
sions stabilize, i.e., the signs of the total LLRs

remain unchanged for at least a (1 — §) fraction
of items across two consecutive outer iterations.
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If neither criterion is met, the algorithm proceeds
until reaching a predefined maximum number of
iterations. The overall BP-LLM iterative process,
with alternating updates between the classifier and
policy modules, is illustrated in Fig. 2.

Damping and fixed-point stability. Like stan-
dard BP on loopy graphs, repeated message pass-
ing may oscillate. We therefore apply exponential
damping:

EX « (1 - AMEX+AEXM  Xe[0,1),
(32)
which blends each new extrinsic message with its
previous value. Damping smooths updates, ac-
celerates convergence, and empirically stabilizes

training.

Putting it together. The full procedure alter-
nates BP-based posterior refinement with policy
updates, exchanging extrinsic information in both
directions so that the classifier and policy improve
each other without reusing the same evidence. Ini-
tialization is straightforward: set &; from the prior
(|717/11:(00)% + 72), begin with EX$* = 0, and
run a small, fixed number of inner JJ updates
per outer iteration. Hyperparameters have clear
roles: ~ controls how sharply labels respond to
margin changes, § sets the temperature of pol-
icy scores, 72 governs prior spread, and § absorbs
global shifts (e.g., BCO calibration). The com-
putational cost is modest: all ¢(R;) updates are
one-dimensional and parallelizable, and the policy
step reuses standard log-likelihood gradients. A
compact pseudocode summary is provided in Al-
gorithm 1.

3.4 Connections to BCO and DPO

If we collapse the inner BP update to a single pass
by ignoring curvature (A(&;) — 0) and set the be-
liefs to the observed labels (p; = b;), the objective
reduces to binary cross-entropy on the reward logit

T = 5[10g7f(9(yz‘ | ;) —log mref (¥i | l’i)] (33)
Including the standard BCO reward shift
6 = 5(Eplr] + Ep-]), (4

yields the BCO loss

LBco :E(I,yﬂ[ —logo(r — 5)}
+ By —loga(—(r —6))], (35)

Algorithm 1 Belief Propagation for Unary Binary
Alignment

1: Input: {(x;,y;,b;)}, reference s, scales
(7, B), variance 72, shift §, damping \.
2: Initialize 6 < 0y, EXS < 0, and & «
Y1V 1i(00)? + 72,
3 fort=1,...,T do
(Classifier/BP) For fixed 6, repeat JJ-
tightening K times:

5: compute A;,n; via (19); set ¢(R;) =
N(ﬂlv %12>;
6: update &+ |v|4/ 2 4+ 72

7: Form EX$® via (28) and damp: EX¢!S «
(1-N)EX® + NEX{S),.

8: (Policy) Update 6 using either DPO-
style shaping or soft-label BCO with targets
o(EXSS),

9:  Send back EXP*' = 14;(6) — 11i(fo1a) and
update the Gaussian prior means for the next
iteration.

10: end for
11: Output: final policy f and posterior means
{f1;} as soft rewards.

i.e., standard BCO training.

Conversely, if we retain pairwise factors and
construct 7; from preference margins, we recover
a DPO-style update by optimizing the pairwise lo-
gistic likelihood with margin

+
m(z;y",y~) =Alog W
mo(y~ | @)
~log m), (36)

and loss

Lppo = E(x,y"’,y‘)[ — log a(m(m, y+7 y_))]
(37
Thus, BP-LLM provides a principled bridge:
taking the unary limit (A(§) — 0, p; = by)
yields BCO, while retaining pairwise factors with
margin-based 7; yields DPO; the JJ-bound variant
gives a variational surrogate of the latter.

3.5 Computational Complexity: BP-LLM vs.
DPO and BCO

We compare the per—mini-batch training cost of

BP-LLM against DPO and BCO. Let B be batch

size and T the average scored tokens. Denote
Cpol(B,T) the policy forward+backward cost,
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Classifier Module
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Policy Module

Policy side (prior & update)
Linearize R;(60)
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+ posterior q(R;) ing / Soft-label BCO
LLR approx &
extrinsic subtraction Policy extrinsic: EX?ol ]

\/EXE]S \[

DPO-style shap-
>

Figure 2: BP-LLM alternating update and decision process with extrinsic messages.

Civd(B,T) the frozen reference forward pass,

and Cj5(B, T) the classifier cost.

Work per batch.
1. DPO (pairwise):
Coro~2Chai(B,T) + 20 (B, T), (38)

since each example has preferred and rejected
responses.

2. BCO (unary):

CBCO ~ 0018(37 T)a (39)
training a lightweight classifier with no large-
model passes.

3. BP-LLM (unary, alternating): Each outer
iteration performs a JJ/BP inference (O(B)),
forms extrinsic messages, and updates the pol-

icy:

C](gpper update) ~ Cpol(Ba T) + CfZ}d(B, T),

T

(40)
Cop ~ Koter | Cpor + CIfY| . (41)
Let p = C™4/C\,1€[0.3,0.6]. Then
CBP ~ Kouter (42)
Cpro 2

Thus, Kouter = 1 halves DPO’s compute, and
Kouter =2 yields parity. Memory use mirrors this:
DPO stores activations for two responses (= 2X),
while BP-LLM stores one.

Asymptotics. With  attention  dominating
(O(LT?d) per pass):

Cppo = O(4LT?d), (43)

CBP = O(2KouterLT2d)> (44)

Ceco = O(Cas) + O(B). (45)

In practice, BP-LLM’s unary form roughly
doubles throughput over DPO at Kyyter = 1,
achieving similar convergence with half the for-
ward/backward passes. Caching reference logits
or joint batching further reduces the effective ra-
tio p. Mixed precision and checkpointing provide
similar relative gains across methods, with BP—
LLM retaining the smallest activation footprint per
update. Overall, BCO is cheapest but lacks pol-
icy updates; DPO is costly but direct; BP-LLM
balances both—achieving DPO-level alignment at
nearly half its compute.

4 Experiments

4.1 Alignment without LLM Weight Updates

In this setting, we keep the weights of both the
policy LLM 7y and the reference LLM ¢ fixed
for all methods (i.e., no LLM weight updates);
only method-specific calibration/inference hyper-
parameters (e.g., 3,7, 7, ¢ and the number of JJ it-
erations) are tuned. We evaluate the proposed BP-
LLM framework against both BCO (Jung et al.,
2025) and DPO (Rafailov et al., 2023) base-
lines across three widely used human preference
datasets: UltraFeedback (Cui et al., 2023), Capy-
bara (Daniele and Suphavadeeprasit, 2023), and
HelpSteer2 (Wang et al., 2024). In terms of super-
vision, HelpSteer2(-Preference) provides human
pairwise preference judgments (often with graded
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Table 1: Win Rate (%) comparison between BCO, BP-LLM, and DPO across datasets and models with-
out LLM weight updates. Only mean values are shown.

Model ‘ UltraFeedback ‘ Capybara ‘ HelpSteer2
| BCO BP-LLM DPO | BCO BP-LLM DPO | BCO BP-LLM DPO
Llama-3.1-8B | 74.38  85.01  78.65|53.08 59.24 57.51|59.20 6496 61.94
Llama-3.2-3B | 71.96  79.37 73.25|53.62 59.14 56.76 |58.64 61.59 59.97
Qwen 2.5-7B | 80.42 84.69 83.16 |53.51 63.03 57.73 |58.15 64.72 64.33
Qwen 2.5-3B | 79.45 85.66 8332|5286 63.14 59.57|57.51 6517 63.97
o 60 60
£0) £ )
| 20 20
10] 10 10 A
\_\ama-’i 1:8° \_\ama-’i l'aaowen 1-"'130‘"(;(\ 253% \_\am3'3 188 \_\a\'“a‘3 1'360‘"9,(\ 257 aqwen 253° \_\am3‘3 288 \_\ama.'i l'aaowen 1-"—160\,@(\ 257
(a) UltraFeedback (b) Capybara (c) HelpSteer2

Figure 3: BCO vs. BP-LLM vs. DPO win rates (%) across datasets. Error bars show 95% confidence

intervals.

strength and optional justifications), whereas Ul-
traFeedback and Capybara-Preferences provide
LLM-judge preference signals that we cast into
the same pairwise comparison format. All evalua-
tions are conducted under the label-free regime de-
scribed in Section 3, where no ground-truth anno-
tations are used at test time. Each dataset consists
of paired human preference comparisons between
model-generated responses, allowing computation
of the win rate (WR)—the proportion of response
pairs where the model-selected output aligns with
human judgment. We report mean win rates aver-
aged over all valid pairs, with 95% binomial con-
fidence intervals.

We evaluate four open-weight instruction-tuned
large language models: Llama-3.1-8B, Llama-
3.2-3B (Dubey et al., 2024), Qwen 2.5-7B, and
Qwen 2.5-3B (Qwen Team, 2024). For each
model family, the ~Instruct variant serves as
the policy and the corresponding -Base vari-
ant serves as the reference for computing length-
normalized log-likelihood ratios. All generations
use a maximum of 512 output tokens and 1024 in-
put tokens, evaluated in bf1oat16 precision on
NVIDIA A100 GPUs.

We adopt the standard binary comparison
framework: for each dataset, 80% of pairs are
reserved for hyperparameter tuning (using la-
beled feedback), and the remaining 20% are used
for label-free evaluation. BP-LLM hyperparam-
eters are tuned over 5 € {0.5,1.0,2.0}, § €
{BCO-estimated, 0.0}, 7 € {0.5,1.0,2.0}, and
v € {0.5,1.0,1.5,2.0}, with the number of in-
ner Jaakkola—Jordan (JJ) iterations € {1,2,3,0}
(where 0 denotes adaptive convergence). We cap
Kinner at 3 in the main sweep due to diminishing
returns; the Kinner = 0 option runs to convergence
(typically 6-8 iterations as presented in Appendix
C) and serves as a sanity check. BCO uses the
same (3 sweep but omits message passing. DPO
is trained following its original pairwise formula-
tion using identical text rendering and normaliza-
tion procedures for fair comparison. We report fi-
nal win rates and corresponding 95% confidence
intervals.

Table 1 and Figure 3 report label-free win rates
across datasets and model backbones. BP-LLM
consistently achieves the best performance, out-
performing both BCO and DPO in every setting.
On average, BP-LLM improves absolute win rate
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by 6.1 points over BCO and 3.2 points over DPO;
the largest gain occurs on UltraFeedback with
Llama-3.1-8B, where BP-LLM exceeds BCO by
10.6 points and DPO by 6.4 points. Gains are gen-
erally larger for smaller backbones (Llama-3.2-
3B, Qwen 2.5-3B) and remain positive for larger
models (Qwen 2.5-7B).

BP-LLM’s gains also depend on super-
vision source: improvements are larger
on the LLM-judge datasets (UltraFeedback,
Capybara-Preferences) than on human-annotated
HelpSteer2(-Preference). Averaged across back-
bones, BP-LLM improves over DPO by ~ +4.1
(UltraFeedback) and ~ +3.2 (Capybara) versus
~ +1.6 (HelpSteer2), with a similar pattern over
BCO (=~ +7.1, =~ +7.9, and ~ +5.7). This is
consistent with BP-LLM’s posterior refinement
being most beneficial under more heterogeneous
or less well-calibrated preference signals.

Overall, these results show that BP-LLM is
a drop-in, inference-only enhancement to binary
alignment that improves robustness and label-free
generalization with negligible overhead beyond
standard scoring.

4.2 Hyperparameter Sensitivity and
Convergence Analysis

We summarize BP-LLM’s sensitivity to key hy-
perparameters and the JJ-tightening convergence
behavior; full results are in Appendix C.

Hyperparameter robustness. Across four
model-dataset pairs (Llama-3.2-3B with Ultra-
Feedback, Qwen-2.5-7B with UltraFeedback,
Qwen-2.5-3B with Capybara, Llama-3.2-3B with
HelpSteer2), BP-LLM is stable over a broad
range of settings. Larger prior variance (7 > 1.0)
is consistently robust across (v, 3), while smaller
T requires more tuning. In practice, moderate
defaults (7 = 1.0, v € [1.0,1.5], 8 € [0.5,1.0])
perform reliably across all configurations.

JJ-tightening convergence. The inner JJ loop
converges quickly: median Ay and A decay
approximately exponentially and cross the 10~4
threshold within 6-7 iterations. Overall, 61% of
examples converge by iteration 7 and 86% by it-
eration 8, with most work concentrated in itera-
tions 6-8; the remaining 10—15% (9-10 iterations)
are harder cases (e.g., ambiguous labels or strong
policy—prior mismatch). Thus, Kiyper = 7-8 of-
fers a good compute—accuracy trade-off in prac-
tice.

4.3 Alignment with LLM Weight Updates

While Section 4.1 studies BP-LLM in a no-
weight-update regime (both the policy LLM g
and reference LLM 7, are kept fixed), several re-
cent alignment objectives explicitly fine-tune the
policy LLM and thus modify 7y itself. In par-
ticular, Cal-DPO (Xiao et al., 2024) addresses
miscalibration under noisy preference supervision
by augmenting the standard DPO objective with
an explicit reward-scale calibration term, which
requires updating the policy LLM. To compare
BP-LLM against this stronger training-time base-
line under matched conditions, we evaluate both
methods in a setting where we update the policy
LLM 7y via parameter-efficient fine-tuning with
LoRA (Hu et al., 2021), while keeping the refer-
ence LLM m,.o¢ frozen.

We use the same three preference datasets as in
Section 4.1 (UltraFeedback, Capybara, and Help-
Steer2) and the same label-free evaluation pro-
tocol: we reserve 80% of pairs for hyperparam-
eter selection and report final win rates (WR)
on the remaining 20% using label-free test-time
decisions, with 95% binomial confidence inter-
vals. We fine-tune the policy LLM via LoRA (Hu
et al.,, 2021) with rank r=1 (freezing all base
weights), and keep the corresponding -Base
model frozen as the reference m..; for computing
length-normalized log-likelihood ratios. All other
evaluation settings (token limits, normalization,
and decoding) follow Section 4.1 for fair compar-
ison.

To enable training-time updates, we use BP—
LLM’s inferred posterior over latent margins to
produce a denoised soft signal for shaping the pol-
icy. For each example, we (i) compute the pol-
icy prior mean p;(6) (Eq. (3)), (ii) run a small
number of inner JJ updates to obtain the Gaussian
belief q(R;) = N (i1, 72), and (iii) form the ex-
trinsic classifier message EXfls (Eq. (28)). We
map EX$® to a soft target p; = o(EXSS) and
update only the LoRA parameters using the soft-
label BCE objective (Section 3), optionally ap-
plying damping to stabilize iterative signals. In-
tuitively, message passing refines per-instance re-
ward evidence before it is used to update the pol-
icy, reducing overconfident gradients induced by
noisy or inconsistent feedback.

Cal-DPO (Xiao et al., 2024) starts from the
standard DPO preference loss and adds a calibra-
tion regression term that constrains the implicit re-
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Table 2: Win Rate (%) comparison between BP-LLLM and Cal-DPO across datasets and models with
LLM weight updates. Only mean values are shown.

Model ‘ UltraFeedback ‘ Capybara ‘ HelpSteer2
| BP-LLM Cal-DPO | BP-LLM Cal-DPO | BP-LLM Cal-DPO
Llama-3.1-8B 89.93 82.76 72.97 66.70 74.92 67.77
Llama-3.2-3B 87.75 83.16 71.14 67.03 73.74 66.08
Qwen 2.5-7B 89.52 85.33 70.27 62.49 74.37 71.42
Qwen 2.5-3B 85.33 82.59 69.19 62.27 71.34 70.01
Qwen 2.5-14B | 89.85 85.66 73.95 64.11 75.14 74.50
@ BP-LLM mm Cal-DPO s BP-LLM == Cal-DPO s BP-LLM mm Cal-DPO
00 80 80
80 70 70
70 60 60
?% 50: %’ 40 ?% 407
T 20 < <
§ 201 g 30 g 30
201 20 20
10 10 10
" “\3:3 .x-i\‘; o3 .1-3C§N n 1_5—1;" o 1‘5:je a2514° o ,x-&‘;ma_a .1-303\" on 25»1;" o -L_sgv?e 125248 \_\3“‘3:3 .x-i\‘; o3 .1-3C§N n 1_5—1;\" n -L_s;?e a2514°

(a) UltraFeedback

(b) Capybara

(c) HelpSteer2

Figure 4: BP-LLM vs. Cal-DPO win rates (%) across datasets. Error bars show 95% confidence intervals.

ward log mol2) 4o match a target reward scale
Tref (y|CC)

derived from pairwise labels. We implement Cal-
DPO with the same LoRA rank and the same train-
ing/evaluation protocol as BP-LLM to isolate the
effect of BP-style posterior refinement versus ex-
plicit reward-scale calibration.

Table 2 and Fig. 4 report WR across all datasets
and model families (including Qwen 2.5-14B).
BP-LLM consistently outperforms Cal-DPO, im-
proving average WR by 5.17 points across all
15 model-dataset settings. The largest gains oc-
cur on Capybara (+6.98 points on average), con-
sistent with BP-LLM’s ability to aggregate nois-
ier feedback through posterior refinement before
policy updates. Overall, these results indicate
that posterior-aware extrinsic shaping provides a
stronger training signal than reward-scale calibra-
tion alone, yielding better label-free generalization
even when both methods fine-tune the underlying
LLM.

To assess whether BP-LLM’s gains persist
at larger scale, we additionally evaluate a 14B
backbone (Qwen-2.5-14B) in the weight-update
regime. As shown in Table 2, BP-LLM remains
consistently better than Cal-DPO across Ultra-

Feedback, Capybara, and HelpSteer2. Notably,
the benefit is largest on Capybara, where scal-
ing to 14B yields a substantial margin over Cal-
DPO (73.95 vs. 64.11 win rate), while the gap
on HelpSteer2 is smaller (75.14 vs. 74.50), sug-
gesting reduced headroom when preference su-
pervision is comparatively cleaner or the base-
line policy is already strong. This pattern is
consistent with dataset provenance: HelpSteer2(-
Preference) is derived from human pairwise pref-
erence judgments, whereas UltraFeedback and
Capybara-Preferences rely on LLM-judge prefer-
ence signals that can be noisier and more heteroge-
neous. Overall, these results indicate that increas-
ing model capacity does not eliminate the advan-
tages of BP-LLM'’s posterior refinement, and can
even amplify gains under noisier preference super-
vision.

5 Discussion and Practical Consideration

5.1 Implementation Complexity

BP-LLM adds a small inference layer on top
of standard preference-optimization pipelines and
can be implemented as a thin wrapper around ex-
isting DPO/BCO code.
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What changes in code. Relative to a DPO-style
implementation, BP-LLM requires: (i) comput-
ing the same policy-reference log-likelihood ra-
tio used by DPO to form the prior mean p;(6)
(Eq. (3)); (ii) a JJ-tightening routine that per-
forms closed-form, per-example Gaussian updates
(Eq. (19)) and updates &;; (iii) forming an extrinsic
scalar signal via Eq. (28) and feeding it into an ex-
isting optimizer (either DPO-style shaping or soft-
label BCE). All JJ updates are one-dimensional,
fully vectorizable across a batch, and require no
backpropagation through the inference step.

Practical considerations. Implementation is
simplified by (a) caching reference log-likelihoods
when the reference is frozen, (b) using a fixed
small number of inner JJ iterations (Appendix C
shows most examples converge in 6-8 iterations),
and (c) damping extrinsic messages to prevent os-
cillation on harder or noisier cases. Hyperparam-
eters have direct interpretations: /3 scales policy
log-ratios, 72 sets prior strength, -y controls likeli-
hood sharpness, and § absorbs global shifts.

5.2 When to Use BP-LLM over DPO

Across both the no-weight-update and weight-
update regimes, BP-LLM yields the largest gains
on noisier or more heterogeneous preference sig-
nals (e.g., Capybara), while improvements are
smaller when supervision is comparatively cleaner
or the baseline policy is already strong (e.g., Help-
Steer2; Table 2). These trends suggest BP-LLM
is most valuable when calibration error and label
noise are dominant failure modes, rather than pure
capacity limitations.

DPO is a strong baseline under clean, abun-
dant pairwise supervision, and Cal-DPO fur-
ther improves it via reward-scale calibration dur-
ing fine-tuning. BP-LLM is most useful un-
der noisy/heterogeneous or unary feedback, since
it infers a posterior over latent reward mar-
gins and updates the policy using extrinsic (non-
double-counted) evidence rather than hard labels.
Empirically (Section 4), BP-LLM outperforms
BCO/DPO without weight updates (Table 1) and
consistently exceeds Cal-DPO with LoRA updates
(Table 2), suggesting posterior-aware shaping is
more effective under noisy preferences.

6 Conclusions and Future Work

We introduced BP-LLM, a belief—propagation
framework for binary-feedback alignment that

places a Gaussian prior over latent reward mar-
gins (induced by policy-reference log-likelihood
ratios) and couples it with a JJ-tightened logis-
tic likelihood to yield closed-form Gaussian mes-
sage updates. This probabilistic view unifies unary
(BCO-style) and pairwise (DPO-style) preference
shaping within a single latent-variable model,
and enables extrinsic message passing between a
classifier-side inference module and the policy to
avoid double counting and stabilize iterative up-
dates.

Empirically, we evaluated BP-LLM in two
regimes. With frozen LLM weights, BP-LLM
consistently improves label-free win rate over
BCO and DPO across UltraFeedback, Capybara,
and HelpSteer2, with the largest gains on smaller
models and noisier supervision. With parameter-
efficient LoRA updates to the policy, BP-LLM
also outperforms Cal-DPO across all model-
dataset settings, and its advantages persist at larger
scale (including Qwen-2.5-14B), with particularly
strong gains on noisier LLM-judge preference sig-
nals. Finally, our sensitivity analysis shows sta-
ble performance for moderate prior variance (7 >
1.0) and predictable JJ-tightening convergence,
typically within 6-8 iterations. Overall, BP-LLM
is a lightweight and practical alignment primitive
that improves both decision quality and decision
reliability under binary feedback.

Our study has focused on binary feedback for
open-weight autoregressive LMs. Extending BP—
LLM to graded or multi-criteria judgments (e.g.,
helpfulness or harmlessness) via vector-valued la-
tent rewards could capture richer supervision and
improve calibration across dimensions. Likewise,
aggregating graph-structured preferences through
loopy BP with damping may better exploit tran-
sitivity, reduce annotator noise, and improve data
efficiency on large preference corpora. Finally,
BP-LLM naturally extends to online or continual
learning, where extrinsic messages can guide ac-
tive querying and maintain calibration under dis-
tribution shift.
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A Deriving the Jaakkola-Jordan
Quadratic Bound

We derive the standard quadratic lower bound on
logo(t). Using the equivalent form of the sig-
moid,

ot/2

)= —
o(t) 2 cosh(t/2)’
t t
logo(t) = 5~ log 2 — log cosh(i), 47)

(46)

we seek a quadratic upper bound on log cosh(u)

for u = t/2.
Bounding log coshu. Leta > 0 and define

- tanh a

n(a) =

€ (0,1), (48)

2

a

F(u) =logcoshu — (49)

Since F'(u) = tanhwu — n(a)u changes sign at
u = =Fa, F attains its maximum there, giving

log coshu < log cosh a + n(za)(u2 —a?), (50)

which is tight at w = +a. Substituting u = ¢/2
and a = £/2 into (47) yields

t t
logo(t) = 5 log2 — logcosh<§>

t
> 5~ log2 — logcosh<g)

_ tanh(€/2) (t2

2
S GRS N

Collecting constants gives the canonical JJ bound:

logo(t) 2 2 ~MOP+e(©),  (52)
Ag) = RE) (53
o6 =logo(6) = S+ AOL. 659

Exponentiating (52) gives

o(t) > o(@) exp{ 5 MO - )} 59

Substituting ¢t = yR; yields
log o(yR;) >

i~ MER? +e(&),  (56)

the form used in the main text. Equality holds at
t = +£; a locally tight surrogate is obtained by

& < [yl a2+ 72 (57)

B Gaussian Message and Posterior
Updates

For binary feedback b; € {0,1} and latent score
R,

p(b; | R;) = o(ViRi), 7 =v(2b; —1). (58)

Applying (56) with t = 7; R; gives
- 1.
logo(7iRs) > S7iRi — M&) R + (&), (59)
1.
mi(Ry) o exp{ S5 — M&)RE . (60)
so the likelihood message is Gaussian in ;.

Combining with the prior. Assume a Gaussian

prior

1 2
p(Ri | 0) o exp{ — = (B = us(0))* ). 61)
Adding the JJ term from (59) yields
log q(R:) = — (3772 + \(&) ) B}
+ (7—2 1i(0) + %%)Ri + const. (62)

Recognizing the natural parameters of a Gaussian,

Ay =772 4 2)0(&), (63)
mo=T12ui(0) + 23, (64)
i = ni/ A, (65)
2 =1/A,;. (66)

The surrogate is tightened via (57), with two—three
alternations typically sufficient.

Pairwise preference factor.
(Yw = 1),

For a preference

log o(y(Rw — R1)) Z 5 (Ru — R)

- )‘(gwl)(Rw - Rl)2 + C(&wl)a
(67)

2\ —2)
=2\ 2)
2[1,-1]7 on (R, R;). In loopy BP, these factors
are damped to ensure stable convergence.

adding precision [ } and linear term

These steps recover the Gaussian-form like-
lihood message, posterior natural-parameter up-
dates, and tightening rule used in the main text.
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Figure 5: WR (train) versus <y for different 7 values using Llama-3.2-3B with UltraFeedback.
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Figure 7: WR (train) versus -y for different 7 values using Qwen-2.5-3B with Capybara.

C Sensitivity to Hyperparameters and
Convergence of JJ-Tightening

We analyze the sensitivity of BP-LLM to key hy-
perparameters and examine the convergence be-
havior of the inner JJ-tightening loop across dif-
ferent model-dataset combinations.

C.1 Hyperparameter Sensitivity

Figures 5-8 show the training win rate (WR) as
a function of y (logistic sharpness) for different
values of 7 (prior variance) and 3 (policy tem-
perature) across four configurations: Llama-3.2-
3B with UltraFeedback, Qwen-2.5-7B with Ul-
traFeedback, Qwen-2.5-3B with Capybara, and
Llama-3.2-3B with HelpSteer2, respectively.

Several consistent patterns emerge across all
settings:

1. Larger 7 yields more robust performance:
The T 2.0 configuration (green) con-
sistently achieves near-optimal performance
(>99% WR) across the full range of  val-
ues and all g settings. This suggests that a
wider Gaussian prior provides sufficient flex-
ibility for the posterior to adapt to diverse data
distributions.

Small 7 requires careful tuning: The 7 = 0.5
configuration (pink) exhibits greater sensitiv-
ity to both v and 8. At low ( values (e.g.,
B = 0.5), performance remains high even with
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Figure 8: WR (train) versus -y for different 7 values using Llama-3.2-3B with HelpSteer2.
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Figure 9: JJ-tightening convergence analysis using Llama-3.2-3B with UltraFeedback.
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Figure 10: JJ-tightening convergence analysis using Qwen-2.5-7B with UltraFeedback.

small 7. However, as (3 increases to 2.0, per-
formance at v = 0.5 drops significantly (e.g.,
to ~87% in Figure 5(c) and ~78% in Fig-
ure 8(c)), indicating that tighter priors become
mismatched when policy log-ratios are ampli-
fied by large 5.

Interaction between 5 and ~: Higher S
values amplify the policy’s contribution to
the prior mean p;(#), which in turn requires
stronger likelihood signals (larger ) to achieve
balanced posteriors. This is particularly evi-
dent in the 7 = 0.5 curves, where performance
improves monotonically with v at 8 = 2.0.

4. Moderate settings achieve stable perfor-

mance: The intermediate configuration 7
1.0 (yellow/orange) provides a practical bal-
ance, maintaining high performance (>96%)
across most (y, 3) combinations while avoid-
ing the extreme sensitivity of 7 = 0.5 and the
potential over-smoothing of 7 = 2.0.

These results suggest that BP-LLM is relatively
robust to hyperparameter choices when 7 > 1.0,
but careful tuning of v is beneficial when using
tighter priors or stronger policy temperature scal-
ing.

C.2 Convergence of the JJ-Tightening

Figures 9-12 analyze convergence of the in-
ner JJ-tightening loop for three model-dataset
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Figure 11: JJ-tightening convergence analysis using Qwen-2.5-3B with Capybara.
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Figure 12: JJ-tightening convergence analysis using Llama-3.2-3B with HelpSteer2.

pairs: Llama-3.2-3B/UltraFeedback, Qwen-2.5-
7B/UltraFeedback, Qwen-2.5-3B/Capybara, and
Llama-3.2-3B/HelpSteer?2.

Panel (a) reports the median trajectory of the
posterior mean change (A ) and the surrogate up-
date (A¢) across iterations. Both decay approxi-
mately exponentially and typically fall below the
10~* threshold within 6-7 iterations, confirming
that the coupled updates in Eqgs. (21)—(22) tighten
the quadratic bound efficiently.

Panels (b)—(c) summarize convergence times
over all examples. UltraFeedback (using Llama-
3.2-3B) is sharply peaked at iteration 7 (30.2%),
with 61.1% of examples converging by iteration
7 and 86.2% by iteration 8 (Figure 9(b)). Capy-
bara shows a similar peak around iterations 67
(combined ~68%) with a slightly heavier tail to
iteration 10 (Figure 11(b)). HelpSteer2 is more
dispersed, with a peak at iteration 7 (28.2%) and
roughly a quarter of examples requiring 8-10 it-
erations, indicating greater variability in difficulty
(Figure 12(b)). The cumulative curves (panel (c))
agree across settings: about 60—65% converge
by iteration 7 and >85-90% by iteration 8, with
most work concentrated between iterations 6 and
8; the final 10-15% (iterations 9-10) correspond
to harder cases (e.g., ambiguous labels or strong

policy—prior mismatch).

Across all four configurations, the JJ-tightening
procedure exhibits stable, predictable convergence
with minimal variation in the median behavior.
The consistent exponential decay pattern and the
concentration of convergence times around 68 it-
erations validate the theoretical soundness of the
quadratic approximation and demonstrate that the
method scales reliably across different model ar-
chitectures and preference datasets. These results
support the practical feasibility of BP-LLM: set-
ting Kinner = 7-8 JJ iterations per outer loop pro-
vides a good balance between computational effi-
ciency and approximation quality.
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