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Abstract

We study conditions under which transform-
ers using soft attention can simulate hard
attention, that is, effectively focus all at-
tention on a subset of positions. First, we
examine several subclasses of languages rec-
ognized by hard-attention transformers, which
can be defined in variants of linear tempo-
ral logic. We demonstrate how soft-attention
transformers can compute formulas of these
logics using unbounded positional embeddings
or temperature scaling. Second, we demon-
strate how temperature scaling allows softmax
transformers to simulate general hard-attention
transformers, using a temperature that depends
on the minimum gap between the maximum
attention scores and other attention scores.

1 Introduction

A central element of transformers (Vaswani et al.,
2017) is attention, in which each position com-
putes a weighted average of values from all
unmasked positions. In standard attention, which
we call soft attention, the attention weights are
computed by the softmax function and cannot be
exactly O (unless there is masking) or exactly 1
(unless there is only one position). This is ap-
propriate in applications like machine translation
(Bahdanau et al., 2015), where attention models
the often fuzzy relationship of target words to
source words. But there is a tension between soft
attention and discrete tasks like integer arithmetic,
algebra, logical reasoning, finite automata, Turing
machines, and computer programs. Researchers
trying to show that transformers can solve such
tasks have often turned to other definitions of
attention.

Hahn (2020) defined what is now called
unique-hard attention, in which all attention is
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on a single position attaining the maximum at-
tention score, and zero attention is paid to all
other positions. Yang et al. (2024) proved that
unique-hard attention transformers (UHATSs) with
no position information besides masking rec-
ognize exactly the star-free regular languages,
and equivalences for other variants as well. Al-
though this means that UHATSs can solve some
interesting problems like the multi-query asso-
ciative recall task (Friedman et al., 2023), the
star-free regular languages are a rather restricted
class, so one might expect that UHATS are less
expressive than standard soft-attention transform-
ers (SMATs). But, perhaps surprisingly, it has
not been shown previously that UHATSs can be
simulated by SMATSs.

Pérez et al. (2019), to prove that transform-
ers with chain-of-thought are Turing-complete,
introduced what is now called average-hard at-
tention (or saturated attention): given a score
vector, equal attention is paid to each position
in which the maximum attention score is at-
tained, and zero attention is paid to all other
positions. Average-hard attention transformers
(AHATS) have been constructed to solve a va-
riety of discrete tasks: matching parentheses (Yao
et al., 2021), simulating an n-gram model (Svete
and Cotterell, 2024), simulating linear temporal
logic with counting terms (Barcel6 et al., 2024),
simulating the programming language S-RASP
(Strobl et al., 2025), and others. For many of
these tasks, no construction using soft attention is
known.

In this paper, we contribute new results that
help to answer the question: Under what condi-
tions can soft attention simulate hard attention?
We are interested in simulations of hard atten-
tion that are general—that is, for a class of hard
attention transformers, not just for a particular
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language—and parameter-uniform, that is, the
number and values of the parameters do not de-
pend on the input length n. This ensures that
the same model and parameters can be used for
arbitrary n.

However, a result of Hahn (2020, Lemma 5)
stands in the way. If a transformer has (1) soft
attention, (2) parameters whose number and val-
ues do not depend on n, (3) Lipschitz-continuous
position-wise operations, and (4) bounded posi-
tion embeddings (PEs), then a change in one
input symbol results in only an O(1/n) change
in any output activation. This is in contrast to
AHATS, where a change in one input symbol can
result in a ©(1) change in an output activation.

Why is this property important? For example,
Chiang and Cholak (2022) construct a SMAT for
PARITY (deciding whether the number of 1’s
in a string is odd), but as n increases, the gap
between the output for acceptance and rejection
approaches 0, as it must. However, this is a prob-
lem for composability: If one module has discrete
output values that are separated by O(1/n), and
another module expects discrete inputs that are
separated by ©(1), then the two modules cannot
be composed.

The solutions that we are aware of each cir-
cumvent Hahn’s lemma by dropping one of the
above assumptions:

(1) Temperature scaling, in which attention
scores are scaled by a function of n be-
fore the softmax. Chiang and Cholak (2022)
and Nakanishi (2025) both experiment with
O(1/logn) temperature and find that it can
improve length generalization.

Rounding, used by Sanford et al. (2024) to
correct approximation errors. They round to
©(logn) bits, which requires a feedforward
network with depth or width depending on n
(Lemma 27), for a construction that is gen-
eral, but not parameter-uniform. Similarly,
Li et al. (2024) round to constant precision,
but the embedding size depends on n.

2)

(3) Layer normalization, as originally defined
(Baetal., 2016), is not Lipschitz-continuous,
and can be used to increase sensitivity
(Chiang and Cholak, 2022; Yao et al., 2021;

Merrill et al., 2024; Yang and Chiang, 2024).

Unbounded position embeddings, whose
norm may grow as a function of n.

4
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Simulatee Temp. 7(n) PE
§4.1 TL[o,®] 88)/”) 881;
§4.2 TL[since, until] 38)/”) 383
§4.4 TL[#,#,+ Mon] 88)/ n) ggzg
§5 AHAT See Theorem 26

Figure 1: Simulation by 7-SMAT. Solid arrows de-
note results proved in this paper. Key: 7 = tempera-
ture; PE = position embedding.

Here, we consider general and parameter-
uniform simulations of hard attention by soft at-
tention, using unbounded position embeddings or
temperature scaling (methods (1) and (4) above).
Our results are summarized in Figure 1.

As mentioned above, Barceld et al. (2024)
proved t/Iiatlinear temporal logic with counting,

or LTL[#, #,+,Mon], can be simulated by an

AHAT. Thus, LTL[#, #, +,Mon] defines a sub-
class of the languages recognized by AHATS,

and various fragments of LTL[#, #, +,Mon] de-
fine smaller subclasses. Our first set of results
(Section 4) examines several such subclasses—
among them, the languages recognized by
UHATs—and shows that they can be simu-
lated by SMATS using either inverse polynomial
temperature or polynomially bounded position
embeddings.

Our second result (Section 5) concerns general
AHATSs and their direct simulation by SMATs.
We classify AHATSs according to the gap ~(n)
that separates, for inputs of length n, the max-
imum attention score or scores from all other
scores (Edelman et al., 2022). In the literature on



transformer expressivity, constructions of AHATs
generally have gap v(n) € Q(1/n¥) for small
constants & (Section 6). We prove that any AHAT
with gap 7(n) can be approximately simulated
by a SMAT with the same parameters, using soft
attention scaled by a temperature not much lower
than y(n).

The implications of our results for the expres-
sivity and learnability of transformers in practice
are discussed in Section 7.

2 Preliminaries

2.1 Notation

We write [n] for the set {1,...,n}. For any
Boolean value b, we let [[b] = 1 if b is true and 0
if b is false.

If X and Y are sets, we write X T for the set
of non-empty sequences over X, and we write
fr Xt ® v+ to state that f is length-preserving,
that is, it maps a sequence (z1,...,2,) € X to
a sequence of the same length (y1,...,y,) € Y.

If A is a matrix, we write A; , for the i-th row
of A and A, ; for the j-th column of A.

2.2 Transformers

A transformer is a neural network that, in this
paper, defines a length-preserving mapping from
strings to strings. An input layer maps a string to a
sequence of vectors. Then the network processes
sequences of vectors through multiple layers, each
consisting of a self-attention sublayer followed by
a feed-forward sublayer. Finally, an output layer
maps the sequence of vectors to a string.

Input Let > be an input alphabet, and let w =
wiwy -+ - w, € X be an input sequence of length
n. Each token w; is mapped to a vector x; =
WE(w;) + PE, (i), where WE: ¥ — R? is a
word embedding and PE,: N — R? a position
embedding. Thus the input sequence is represented
as a sequence of vectors (X;,--- ,X,) € (R)*.

Transformer Layers We initialize hgo) = X;
for all <. For each layer £ = 1, ..., L and position
1 =1,...n, we compute

(=1

()

h-D)

n

l ¢ /-1
c§>ZSA<>(h§ o >i+h

where SAY is the self-attention function defined
below in Definition 1, with parameters W(Q’@,
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WKO WV and weighting function ). Then
we apply a feed-forward network (FFN):

(0) (O )

¢
16 2 o

b =w s (W + b§‘)) +by) + ¢}

where o is the ReLU activation function, Wg) €
RA<d, Wi e RO b € R4, and by € R,
The + hgz-m and + cgﬁ) terms above are called
residual connections. In our constructions, they
are useful for making values computed at earlier
steps to be available at all later steps.
Transformer layers are usually implemented
with layer normalization, but we omit this here,
as this is a separate method (method (3) in Sec-
tion 1) for overcoming limitations of soft attention,
which may interact in complicated ways with
temperature scaling and unbounded PEs.

Output After L layers, the transformer pro-
duces an output sequence (y,,...,y,) € (R)*,
where y, = hiL) for all 7. To map these vectors
to output symbols, we assume, as is common in
theoretical research, that each y, is exactly the
embedding of a symbol in the output alphabet.
To accept or reject strings, we look at the output
symbol at position n and designate two symbols
as accept and reject decisions. Note that this im-
plies a fixed-size gap between the outputs for ac-
ceptance and rejection.

Self-Attention A self-attention layer computes
weighted sums of value vectors at all positions,
where the weights are determined by query and
key vectors.

Definition 1 (Self-Attention). A self-attention
layer with linear transformations

W(Q)’W(K): R? s R%
wV). r? 5 R4
and a weighting function
S: Rt B R+
is a function

SA: (RY)* B (RY)*

SA(hl,...,hn) = (cl,...,cn)
where, for positions ¢ and j:
q; =W k; =WHh; v; =WV,
q;k;

n
Q5 = S(Si7*) ¢ = ZO[UV]'.
j=1



We call the q;, Kk;, and v; the queries, keys,
and values, respectively, and the s;;, a;;, and ¢;
the scores, weights, and outputs, respectively.

We consider only single-head attention layers
for simplicity, as a k-head attention layer can be
simulated using k layers of single-head attention
(each layer computes the value of one head, and
residual connections are used to accumulate the
sum of the heads).

Masking In future-masked attention, the scores
are redefined to

q; k;
Sij = \/@
—o0 otherwise

J<i

and we define exp(—oo0) = 0. Similarly, in past-
masked attention, we have s;; = —oo iff j < .

Some of our proofs construct transformers that
use both future-masked and past-masked attention
(also cf. Yao et al.,, 2021). In practice, mixed
attention masks have been employed by applying
different masks to different attention heads (Shen
et al., 2018) or by applying multiple masks with
learnable weights (McDonald and Chiang, 2021;
Sible and Chiang, 2024).

Weighting Function The weighting function

1 . .

S: RT™ B R* computes the attention weights
«; . based on the attention scores s; .. A common
choice is the softmax function:

e’i

[softmax(s, .- sn)]; = S

In hard attention, the attention weights are as-
signed to focus all attention on the maximum-
scoring position or positions.

Definition 2 (Hardmax). The leftmost, rightmost,
and average-hardmax functions are defined as:

I(s) = {i € [|s|] | s; = maxs}
[lhardmax s|; = I[i = min I(s)]
[rhardmax s]; = I[i = max I(s)]

[ahardmax s]; = ]I(ls)\ﬂ[l € I(s)].

The lhardmax and rhardmax functions return a
one-hot vector with a 1 at the position of the left-
most or rightmost maximal element, respectively.

The ahardmax function pays equal attention to all
the maximal elements.

Temperature Scaling We also consider scaling
the attention scores by an inverse femperature
before applying the softmax.

Definition 3 (Temperature-Dependent Softmax).
For a temperature 7 > 0, the temperature-

. I
dependent softmax function softmax, : RT — R*
is defined as:

esj/‘r
[softmax,(si,...,sn)]; = W'

When 7 = 1, this reduces to standard softmax.

Definition 4. We categorize transformers by the
weighting functions used in their attention layers:

SMAT uses softmax
7-SMAT uses softmax.
AHAT uses ahardmax
UHAT uses both lhardmax and rhardmax.

3 Basic Approximations

In this section, we introduce some techniques that
will be used throughout the paper. These tech-
niques all serve to bound and correct the difference
between hard attention and soft attention.

Definition 5. For any vector of attention scores
s € RT, let spmax = max; s;. We say that s is fie-
less if |{i | s; = Smax}| = 1, and s has gap - if for
all ¢ such that s; # Spax, we have s; < Spax — 7.

If s is tieless, then lhardmax s = rhardmaxs =
ahardmaxs, and we simply write hardmaxs for
all three.

Edelman et al. (2022) prove a bound on the
difference between softmax and ahardmax for
attention scores with gap ~. Here, we prove sev-
eral stronger bounds under stronger assumptions.

3.1 Ziggurat Attention Scores

First, we give a bound for attention scores that are
not only tieless with gap ~, but also decrease by
at least «y at every position in a ‘‘ziggurat’’ pat-
tern (Figure 2).

Lemma 6. Suppose an attention layer has scores
S = (S1,...,8n), and there is a j* € [n| such that
forallj € [n],s; < sj—|j—j*|v. Letvy,... v
be the attention values, and let Um,x = max; |vj].
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ziggurat parabola
(Lemma 6) (Lemma 7)
0
i —

no tie-breaker

0 ——= W0y —/—/—— 0

-25y jil— 0 -10y
E -50y =—— —10y -20y
-1/i +i/n —i/n
tie-breaker tie-breaker tie-breaker
(Lemma 8a) (Lemma 8b) (Lemma 8c¢)

Figure 2: Illustration of the various attention score
patterns in Section 3.

Then the difference between the hard and soft
attention outputs is

n
Z[hardmax s — softmax s];v;| < 4™ Umax.
j=1

Proof. See Appendix B.1. O

3.2 Table Lookup

Some constructions of hard-attention transformers
use a fable lookup operation (Barcel¢ et al., 2024;
Strobl et al., 2025): given t; € [n] for i € [n],
we want to retrieve the value vy,. This is accom-
plished using a parabola-shaped pattern that peaks
at position t; (Figure 2). Under hard attention,
each position ¢ attends solely to position j such
that 5 = ¢;. To replicate this using soft attention,
we must approximate it. When |v;| is bounded,
Lemma 6 suffices to bound the approximation er-
ror, but in one case, we have v; = j, so we need
the following lemma.

Lemma 7. Let v > 1 and let t and n be integers
such that 1 <t < n. For j € [n], define s; =
y(2t§ — §2). Then

n

hardmax s — softmax s|;j| < 3e™7.
J 2
j:l

Proof. See Appendix B.2. O

3.3 Tie-Breaking

Next, we show some special cases of Lemma 6,
which are useful when using soft attention to
simulate unique-hard attention. In unique-hard at-
tention, if two positions are tied for the maximum
score, the tie needs to be broken to the left or
the right. To simulate this using soft attention, we
need to add a tie-breaking term, allowing softmax
to approximate rhardmax or lhardmax sufficiently
closely.

There are three variations, depending on
whether the attention to be approximated is
rhardmax or lhardmax and on whether the se-
quence length n is known or not (Figure 2).

Lemma 8. Let s, ..., s, be attention scores with
gap at least 1. Let vy, . . ., v, be attention values,
and let Ve = max; |v;|. Then, for any v > 0:

(a) If 5; = yn? (sj — %), then

n
Z[rhardmax s — softmax 8];v;| < 4™ Upax.
j=1

(a) If 5; = 2yn (sj + ;fn), then

n
Z[rhardmax s — softmax §];v;| < 4™ Umax.
j=1

(a) If 5; = 2yn (sj — Qj—n), then

n

Z[lhardmax s — softmax s];v;| < 4™ "Umax.
j=1
Proof. By Lemma 6; see Appendix B.3. O

3.4 Approximate Booleans

The output of hard attention is often interpreted as
a Boolean value: O for false and 1 for true. If we
approximate hard attention using soft attention,
we get an approximate Boolean value. For any
d < 1/2, we treat any number in (—o0,d] as
false and any number in [1 — 4, 00) as true. For
concreteness, we set 0 = 1/4. A transformer can
convert approximate Booleans into exact ones
using a FFN that rounds them to 0 or 1.



Lemma9. We can compute the following function
with a FFN.

0 xsi
= 1 1 3
f(X) 2—2 ZS.XSZ /
1 %Sx.

Proof. Any function that is continuous piece-
wise affine with a finite number of pieces can
be computed by a FFN. Function f can be com-
puted by

f(z) =2ReLU(z — 1) —2ReLU(z — 3). O

3.5 First and Last Position

Finally, we show how to approximately mark the
first and last positions of the input sequence and
then correct the marker to an exact Boolean value.

Proposition 10. A SMAT with a PE includ-
ing (—1)* can compute the following functions

Fut B o, 1)+

(a) f(w) = (1,0,...,0,0) wusing future-
masking

(b) f(w)=1(0,0,...,0,1) using past-masking

(©) FW) = (1/1,1/2,....1/(n—1),1/n) using

future-masking

(@ f(w) = (1/n,1/(n-1),...,

past-masking.

1/2,1/1) using

Proof. To mark the first position (a), use uni-
form future-masked attention with values v; =
(—1)7*L.If i = 1, then all attention is on position
1, and the output value is 1. If ¢ > 1, then the
attention output is at most 1/3. So a FFN, similar
to the one in Lemma 9, can map all such values
to 0. To mark the last position (b), we proceed as
above, but using past-masked attention. If i = n,
then the attention output is 1 or —1; if ¢ < n,
the attention output is in [—1/3,1/3]. The FFN
outputs 1 if the former is true and O if the latter
is true.

Furthermore, we can compute the quantity 1/:
(c) using uniform future-masked attention on the
output of the above construction, and 1/(n+1—1)
(d) using past-masking. O
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4 Soft Attention, LTL, and Counting

As mentioned above, Barcel6 et al. (2024)
1ntr0duced a temporal logic with counting,

LTL[# # +,Mon] (to be defined below), and
showed that it can be simulated by AHATSs.

The languages definable in LTL[#, #, +,Mon]
therefore form a subclass of those recognized by
AHATS that might be more amenable to simula-
tion by SMéTi To show this, we find it useful to

factor LTL[#, #, +,Mon] into three logics, which
account for three different types of hard-attention
patterns:

— TL[©, @], which accounts for immediate
predecessor and successor, for example,
n-grams (Section 4.1).

— TL[since, until], which accounts for tie-
breaking, for example, flip-flops or induction
heads (Section 4.2).

— TL[#, #, +,Mon], which accounts for nu-
merical relations, for example, PARITY or
MAJORITY (Section 4.4).

In describing the first simulation in Section 4.1,
we will make some general remarks that will ap-
ply to the other simulations as well.

4.1 Previous and Next

First we show that SMATSs can simulate formulas
in TL[&, @], which has just the previous (&) and
next (P) operations.

This logic, like all the logics presented in this
section, is a temporal logic, in which each formula
¢ is true or false depending on the position in
a string.

Definition 11 (TL[S, ®]). Let o denote symbols
of a given alphabet 3. The syntax of TL[S, @] is:

=Qs | 7P| 01 ND2 |1 VP2 | CO| Do

The semantics of TL[S, @] is given by the rela-
tion w, ¢ |= ¢, which means that ¢ is true at po-
sition ¢ of w. This relation is defined as follows:

Wi = Qo iffw; = o

R - iff w,i [ ¢

Wi =1 ANgy iffw,il= ¢ andw,i = ¢
Wi =1V gy iffw,il=¢orw,if= ¢
Wi =S¢ iffw, (i —1) F ¢
wilkE®e  iffw,(i+1) o



A formula ¢ is satisfied by a string w iff ¢ is
true at the last symbol of w, that is, w, |w| = ¢.

This logic accounts for the hard-attention pat-
terns used in simulating m-gram models. For
instance, the following TL[©, @] formula detects
the 3-gram 101 ending at the current position:

P11 =00 Q1 NSO QoA

Then 10101,3 l: (blOl and 1010175 ): ¢101, but
10101,4 [~ ¢101. Also, the whole string 10101
satisfies ¢1¢1, that is, 10101 = ¢1¢1.

We now show how to simulate TL[©, ®] in a
SMAT. There are many conceivable ways to do
this. We focus on SMATs that use temperature
scaling (and bounded PEs) and those that use
unbounded PEs (and no temperature scaling). In
both cases, we also consider SMATs that use
only future-masking and do not depend on n, suit-
able for autoregressive language modeling.

Theorem 12. Any formula ¢ of TL[O, ®] can be
simulated by a T-SMAT with either:
(a) T7(n) 1/n and PEs including i/n and
(-1)°
(a) 7(n) = 1 and PEs including i/n, (—1)°,
and n.

Proof. Given a formula ¢, we will construct a
transformer that receives as input the string w,
and in the final sequence of activation vectors,
a designated coordinate gives the sequence of
values I [w, i = ¢] for i € [|w]].

We construct this transformer by induction on
the structure of a formula. Each subformula’s
truth value is stored in a different component of
the activation vectors. For the base case ¢ = (),
we store a 1 in the corresponding component of the
word embedding WE(o), as shown by Yang et al.
(2024). For the inductive step, where ¢ is formed
out of smaller subformulas ¢; and possibly ¢,
we assume that the results of the computation of
¢1 and ¢4 are available in two components of the
activation vector, and we construct a new layer
that computes ¢ from ¢, and ¢». The new value is
placed in a previously unused coordinate, with all
other coordinates zero, and the residual connection
supplies all of the previously computed outputs.

Boolean operations can be computed by a FFN
as shown by Yang et al. (2024). The remain-
ing cases are the operators © ¢; and & ¢. Let
v1, ..., VU, be the values of ¢.
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In a UHAT, we could compute © ¢, at positions
¢ > 1 by making each position ¢ attend only to
position (i —1). If 7 is odd (and greater than 1), we
would make the attention scores greater for even
positions, so that rightmost tie-breaking would
select position ¢ — 1. If ¢ is even, we would make
the attention scores greater for odd positions. If
i = 1, we would output 0. But in a 7-SMAT, we
have to approximate this.

Condition (a): We use two future-masked atten-
tion layers (or one layer with two heads). In the
first attention, the queries and keys are set so that
the attention scores are

5 =6 (3(-1) +
which is maximized at the rightmost even position
j < i. Applying Lemma 8b (with s;; = 3(—1)7),
we get

J
2n

Z[rhardmaxs — softmax §];v;| < 4e™® < 1.
J

Similarly, the second attention attends to the

rightmost odd position j < 4, using scores

Sij =16 (%(—1)‘7]rl + ) .
The FFN, at each position i, tests whether ¢ is
odd or even; if odd, it uses the output of the first
attention, and if even, it uses the output of the
second attention. Position ¢ = 1 may be set to 0
with a FFN using Proposition 10a.

Similarly, to compute @ ¢;, we use two
past-masked attention layers with scores as above,
but with the tie-breaking terms + j/(2n) changed
to —j/(2n), and bound the error using Lemma 8c.
Position ¢ = n may be set to 0 with a FFN using
Proposition 10b.

Condition (b): Same as condition (a), but scale
the query vectors by a factor of n. 0

With future-masking, we don’t assume that

the total length n is known, so we make the
temperature depend on the current position .

J
2n

Theorem 13. Any formula ¢ of TL[©] can be
simulated by a future-masked 7-SMAT with:

(a) 7(i) = 1/i® and PEs containing (—1)"

(b) 7(i) = 1 and PEs containing (—1)" and i>.
Proof. Same as the proof of Theorem 12, but

use Lemma 8a. The quantity 1/i required by
Lemma 8a is supplied by Proposition 10c. O



4.2 Since and Until

Next, we show that SMATs can compute the
values of since and until, which we now define.

Definition 14 (TL[since, until]). Let 0 € ¥ de-
note symbols of a given alphabet 3. The temporal
logic TL[since, until] has syntax

di= Qo | 70| d1 A2 | P1V o
| ¢1since ¢, | ¢, until ¢,

The semantics of Boolean expressions is as in
Definition 11. The intuitive meaning of ¢,
since ¢, is ‘‘since the last time ¢o was true, ¢
has been true,”” and ¢ until ¢, means ‘‘¢; will
be true until the next time ¢, is true.”” More
formally:

w,i |= ¢ since ¢ iff thereis j <is.t.w,j | ¢
andforall ks.t. j <k <1
we have w, k = ¢

iff thereis j > i s.t. w, j = ¢
andforall kst.i <k <j

we have w, k |= ¢;.

w, i = ¢ until ¢y

Theorem 15. Any formula ¢ of TL[since, until]
can be simulated by a T-SMAT with either:

(a) 7(n) = 1/n and PEs including i/n
(b) T7(n) = 1 and PEs including i/n and n.

Proof. By induction on the structure of ¢. The Q)
and Boolean operation cases are as in Theorem 12.

The case ¢ = ¢ since ¢, is intuitively com-
puted as follows. We look at positions j =
1,7 — 1,7 — 2, and so on. As long as ¢, is true and
¢ is false, we keep looking to the left. But we
stop when we encounter one of these situations
(black means true, blank means false, and gray
means either):

¢ prm———— e S
¢l I ¢1 — —
J i J I

W, i = ¢ since ¢ W, 1 [~ ¢ since ¢y

On the left, j is the rightmost position satisfying
@9, and ¢ is true at positions j to i, so w,i =
¢1 since ¢5. On the right, the rightmost position
satisfying ¢- is at or to the left of j, but ¢; is
false at j, so w,i [~ ¢;sincep,. If we never
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encounter either case, there is no j satisfying ¢o,
SO w, i [~ ¢ since ¢o.

Thus, in a UHAT (Yang et al., 2024), we could
attend to the rightmost position j maximizing
I[w,j = —¢1V ¢o] and return the value of ¢1 A ¢y
at j. But in a 7-SMAT, we have to approximate
this.

Under condition (a), add a future-masked
self-attention layer with:

5j =6 (H[WJ =1V o] + 2%)
vj = [I[w,j = é1 A ]
Using temperature 7 < 1/n satisfies the

requirements of Lemma 8b (with s;;
I[w,j E —é1 V ¢2]), so we have

Z[rhardmaxs — softmax §];v;| < 4e”?® < 1.
J

This yields approximate Boolean values for
¢1 since ¢9, which are rounded to 0 or 1 using
a FFN (Lemma 9).

The simulation of ¢; until ¢ is symmetric, us-
ing the tiebreaker of —j/(2n) and Lemma 8&c.
Under condition (b), we scale the queries q; by a
factor of n. O

For decoder-only models (with obligatory
future-masking) we also describe a simulation
of TL[since] that does not depend on n.

Theorem 16. Any formula ¢ of TL|[since] can be
simulated by a future-masked T-SMAT with PEs
including 1/7 and either:

(a) (i) = 1/i* and PEs including 1/i

(b) 7(i) = 1 and PEs including 1/i and i*.

Proof. To simulate since, use a future-masked
attention layer with:

i =3 (Iw,j b 61 v u] — )
vj = [Ilw,j = ¢1 A o]

Using either a temperature of 1/i> or multi-
plying q, by * satisfies the requirements of
Lemma 8b (with s;; = I[w,j = —¢1 V ¢2]). The
result then follows after rounding the approxi-
mate Boolean values to 0 or 1. O



43 LTL

Combining TL[©, @] and TL[since, until] we get
TL[S, @, since,until] = LTL. Masked UHATs
recognize exactly those formal languages defin-
able by LTL (Yang et al., 2024). It follows from
the above that LTL, and therefore any masked
UHAT, can be simulated by a 7-SMAT.

Corollary 17. Any formula ¢ of LTL can be
simulated by a T-SMAT with either:

(a) T(n) = 1/n and PEs including i/n and
(=1

(b) 7(n) = 1 and PEs including i/n, (—1)°,
and n.

Proof. By Theorem 12 and 15. O

We can also simulate the past fragment
of LTL (with only since and &) using only
future-masking, suitable for a decoder-only
transformer.

Corollary 18. Any formula of TL[©,since] can
be simulated by a future-masked T-SMAT with

(a) 7(i) = 1/i* and PEs including (—1)"
(b) 7(i) = 1 and PEs including (—1)* and i*.

Proof. By Theorem 13 and 16. The quantity
1/i required by Theorem 16 is supplied by
Proposition 10c. O

We recall that Hahn (2020, Lemma 5) places a
bound O(1/n) on the gap between the output for
acceptance or rejection. For a fixed-size gap, some
activation in the transformer must be scaled up by
a factor of n. The constructions in Theorem 12,
Theorem 15, and Corollary 17 use 7(n) = 1/n or
scale queries by n, and are optimal in the sense
that we should not expect the factor of n to be
asymptotically any smaller.

4.4 Counting

As the third step, we show that 7-SMAT can
simulate a logic with counting terms and numerical
predicates that can be applied to both positions and
counts (Barcel6 et al., 2024).

Definition 19. A unary numerical predicate
is a family of functions 6 = (6,,),~0 Where
0,:4{0,1,...,n} — {0,1}. We write Mon for
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the set of all unary numerical predicates. The
logic TL[# # +, Mon] has syntax

pu=Qs | 2O | 1 A2 | 1V s
| 010(k) | t1 <t
t32:K|t1—|—t2‘t1—t2’1

= (0] | #l4]

Formulas are interpreted as follows:

w,i = 0(k) iff 6}, (™)
Wit <t iff (") < ¢,

Terms are interpreted as integers:

ﬁ[W”—HJusJ#¢H

[qﬁ]‘” —!{J>Z|WJ):¢}\
(t + to)™ )—i—t
Yowid) — 4

(t1 — 2 "
12 — 1.

w,%)

_ t(2w72>

For example, PARITY is the set of binary
strings with an odd number of 1s. Using the
numerical predicate ODD, where ODD,,(7) is true
iff ¢ 1s odd we can define this using the following

TL[# # +, Mon] formula:

¢pariTy = ODD <3:£[Q1]> :

When evaluated at the last position, #[Q1] is the
number of occurrences of 1 in the whole string,
and ¢paRiTy tests whether this number is odd.

We show how SMATSs can compute formulas

ofTL[# . Monl.

Theorem 20. Any formula ¢ of TL[#,#,+,
Mon] can be simulated by a T-SMAT with either:

(a) T(n) = 1/n and PEs including 1/i, 1/(n —
i+ 1), 4, i2, and all numerical predicates
in¢

(b) 7(n) = 1and PEs including 1/i, 1/(n — i+
1), 4, in, i’n, and all numerical predicates

in .



Proof. We show condition (a) in detail and remark
briefly at the end how to modify the proof for
condition (b).

The proof is again by induction on the structure
of ¢. The cases we need to consider are:

— ¢ = @, or ¢ is a Boolean operation: As in
Theorem 12.

¢ = 0: We store 6,,(i) in the correspond-
ing component of the position embedding
PE,, (7).
¢ = (#[é1] > 0) or (#[¢p1] > 0): This case
is proved below, both as a warm-up for the
other cases as well as a subroutine of the
other cases.

[N

— ¢ = (t1 < ty): Proved below.

P JEEN

— ¢ = 0(#[p1]) or 0(#[é1]): Proved below.

A

Case ¢ = (#][¢1] > 0): We can use an FFN to
test whether ¢, is true at the current position i,

and if so, we know that #[¢1] > 0, so we return 1.

Otherwise, we know that #[¢1]| < i, as we assume
below.

The essential idea is simply to use uniform
attention to perform the counting. However, atten-
tion does not count; it averages. So the challenge
is to turn averages into counts. The consguction

proceeds in three steps. First, we compute # [¢1] /i

exactly. Second, we scale up to #[¢1], but only
approximately. Third, we test whether the count
is greater than 0.

Step 1: Average. The first step of comput-

ing #[¢1]/i can be done using masked uniform
attention (Yang and Chiang, 2024).

Step 2: Scale. For the second step, we approx-

imately retrieve (#[¢1] + 1) using a table-lookup
attention layer with

P

Then s;; = 3(2(#[¢1] + 1)j — j?)/i, which
is uniquely maximized at j = #[¢1] + 1. We
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apply Lemma 7 with temperature 7 = 1/n and
gap v = 3/(i7) to obtain

c; = Z[softmaxT(su, cee Sii)]jvj
J

ci — (#[o] +1)

‘ < 4e P < ged < i

Thus, the output value ¢; is within # [¢;]+1+£1/4.

Step 3: Compare. The third step is to apply
the FFN of Lemma 9 to (¢; — 1), which will output
0if #[¢1] = 0 and 1 if #[¢] > 0.

Case ¢ = (t; < tg): If ¢ is a comparison of
count terms, it can be rewritten in the following

[N

form. Let K and K be disjoint sets of indices, and
let C' and )y (for £ € K U K) be integers:

¢ = D M#lor] + Y M#ln] > C
ke[?
Let A = de?uf( |Ak|. If A = 0, the formula is

constant, so we assume without loss of general-
ity that A > 1.

keK

Foreach k € K, we need to approximate # [¢y].

(Terms #[¢y] for k € K are similar and described
briefly afterwards.) We can use the construction

in the previous case to test whether #[¢;] = 0;
if not, then we approximate #|¢x| as follows,

assuming that #[¢y] > 0.

Step 1: Average. The first step of computing
#[¢x] /i for each k is the same as in the previous
case.

Step 2: Scale. For the second step, we ap-

proximately retrieve #[¢x| using a table-lookup
attention layer with

Then s;; = 3A(2#[¢xlj — j*)/i, which is

uniquely maximized at j = #[¢r]. We apply
Lemma 7 with temperature 7 1/n and gap
v = 3A/(iT) to obtain an approximate count

ck(z) = Z[soft;nax(sﬂ, ... ,sii)]jvj
J

;[%]

i Kk —
1 Y
i

2j

q;, = 3A —32

} vi=[J]



that is within #[¢x] = 1/(4A), which is close
enough to #[¢y| for the comparison step.

Computing a right-counting term #[¢y| re-
quires only a slight modification of the second

step. The first step gives #[¢x]/(n — i + 1). The
second step requires the quantity 1/(n — i + 1).
Since n — i + 1 < n, the bound of 1/(4A) is
derived in the same way.

Step 3: Compare. The third step is to
compute the linear combination using a FFN:

H(i)= > Aexli).
k:e?(u?(

The error in H (7) is

HG) — | 0 Mo + 3 o]

keK

1 1
< Ae—| < —.
= Zé FAN| = 4
ke KUK
If H(i) — C > 3/4 then ¢ is true; if H(i) —
C < 1/4 then ¢ is false. So we can compute the
correct Boolean value using Lemma 9.

keK

Case ¢ = O(#[¢1]): If ¢ is a numerical pred-
icate 6 applied to a count, we test whether

#[¢1] = 0 as above; if so, return 6(0). Otherwise,
we perform the first step as above. We perform the

second step using scores s; = 3(2#/[¢1]7 — %) /i,
temperature 7 = 1/n, and values v; = 6,(j).
Since |0,(j7)] < 1, we can use Lemma 6 with
v = 3/(iT) to ensure that the attention out-

put approximates 6, (#][¢1]) with error at most
4e~7 < 1/4, which we can correct using a FFN
(Lemma 9).

RN

Case ¢ = 0(#[¢):

of the previous case.

This completes the proof for condition (a). The
proof for condition (b) is identical, except that in
the second step, we scale k; by n. O

This is just the mirror image

Theorem 21. Any formula ¢ of TL[#,+, Mon]
can be simulated by a future-masked T-SMAT
with 7(i) = 1/i and PEs including 1/, i, i2, and
all numerical predicates in ¢.

Proof. Same as Theorem 20a. O
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4.5 LTL[#,#,+, Mon]

The logic LTL[#, #, +, Mon] includes all previ-
ously discussed temporal operators (S, @, since,

until), counting terms #, #, linear inequalities
of counting terms, and all unary numerical predi-
cates. It is exactly the logic LTL(C, +) introduced
by Barcel6 et al. (2024).

For example, the following formula of

LTL[#, #, +, Mon] recognizes PARITY without
using numerical predicates:
|-0).

|

The total number of 1’s is odd iff there is no
position ¢ where the number of 1’s strictly to the
left of ¢ is equal to the number of 1’s at or to
the right of <. Above, the subformula © @Q); tests
whether there is a 1 immediately to the left, so

P

#[©Q1] counts the number of 1’s strictly to the
left.

Barcel6 et al. (2024) simulate this logic using
AHATS, but here we give conditions under which
this logic can be simulated using 7-SMATs.

P

#

A RN

OPARITY = ( #[OQ1] = #[Q1]

Corollary 22. Any formula ¢ of LTL[#,
#,4+,Mon| can be simulated by a T-SMAT

with PEs including all numerical predicates in
¢ and either:

(a) 7(n) = 1/n and PEs including (—1)%, i/n,
i, and i*

(b) 7(n) = 1 and PEs including (—1)%, i/n, i,
n, in, and i*n.

Proof. By Corollary 17 and Theorem 20. The
quantities 1/i and 1/(n — i + 1) required by
Theorem 20 are supplied by Proposition 10cd. [

Corollary 23. Any  formula 10) of

TL[S, since, #,+,Mon] can be  simulated
by a future-masked T-SMAT with 7(i) = 1/i?
and PEs including (—1)?, 4, 4%, and all numerical
predicates in ¢.

Proof. By Corollary 18 and Theorem 21. The
quantity 1/i required by Theorem 21 is supplied
by Proposition 10c. O



5 Average-Hard Attention

The simulations of temporal logics in the pre-
ceding section compute exact Boolean values for
every subformula, because a FFN can round an
approximate Boolean to an exact Boolean. Count-
ing terms are approximated sufficiently well that
comparisons between them, and applications of
numerical predicates to them, produce approxi-
mate Booleans. But for the case of simulating an
AHAT, there is no similar option for eliminating
approximation error, because in general the values
in the computation are not confined to a finite set.

There is a simple argument that if we take
an AHAT T and replace its ahardmax weighting
function with softmax, to produce a 7-SMAT T,
then for any input sequence, as 7 goes to zero, the
limit of the sequence of activation vectors of the
final layer of T equals the sequence of activation
vectors of the final layer of 7'. This is because
a transformer is the composition of continuous
functions, and the softmax, function approaches
the ahardmax function as 7 goes to zero. This
argument is likely the basis of many researchers’
confidence that SMATSs can approximate AHATS;
however, it does not by itself bound the rate of
convergence.

Here, we bound the rate of convergence for
AHATS in terms of the gap separating the maximal
attention score or scores from other scores. We
say that an attention layer has gap ~(n) iff for
every input with length n and every position ¢,
the attention scores at ¢ (that is, s;.) have gap
~v(n) (Definition 5). An AHAT has gap ~(n) if
all of its attention layers have gap ~(n). Existing
uses of average-hard attention in the literature
generally have gap Q(1/n*) for small constants k
(see Section 6).

Proposition 24. Every AHAT has a strictly
positive gap function.

Proof. For any n, because there are only finitely
many possible input strings of length n, we may
take v(n) to be the minimum absolute differ-
ence, over all input strings, attention layers, and
positions i, between the maximal attention score
Smax = Mmax; s;; and any other attention score
O

Sij < Smax-

Let T'be an AHAT with gap v(n). We transform
T into a 7-SMAT T that has the same parameters
as T'but uses temperature-scaled softmax attention
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in place of average-hard attention. By choosing a
temperature function 7(n) depending on y(n), we
show that for every input, the output of T closely
approximates the output of 7.

We define the function x . (n) to be the maxi-
mum of 1 and the absolute value of any entry in x;
over all inputs of length n and positions ¢, where
(X1,...,Xy) is the initial activation sequence for
the input. This is well defined because there are
finitely many different inputs of length n (similar
to the proof of Proposition 24).

First, we prove the following lemma bounding
the error introduced by a single transformer layer.

Lemma 25. Let T be an AHAT with gap ~v(n),
and let T' be the corresponding T-SMAT with
temperature T(n) < 1. There exists a constant
K > 1 such that for all positive integers n and
all sufficiently small € > 0, we have the follow-
ing, for each layer (. For any (g,...,g,) and

(&,...,8,) such that ||g; — &;||1 < eforalli,let
(hy, ..., hy,) be the output of layer £ of T on input
(81,-...8,), and let (hy,... h,) be the output
of layer 0 of T on input (&,,...,8,). Then, for
all 1,
h 2 Zwa(n)
Hhi — hiH1 < Kamax(n) (ne T 4 6) )

Proof. See Appendix C.3.

The first term inside the parentheses bounds the
error due to approximating ahardmax by softmax,
while the second term bounds the error propagated
from the layer input to the layer output.

By iterating this lemma over the layers of an
AHAT, we prove the following theorem.y

Theorem 26. Let T be an AHAT with gap v(n).
For any function ¢(n) € Q(1/poly(n)), there
exists a temperature function T(n) with

o

such that the 7-SMAT T corresponding to T
approximates T in the following sense. For ev-
ery input, if (yi,...,¥n) is the output of T and
(¥1,---,Yn) is the output of T, then

1
7(n)

1
v(n)

NTmax (1)
v(n)

log

lyi = yill, <e(n)  foralli€ [n].



In particular, if v(n) = 1/n* and zp.(n) €
n®M) we have 1/7(n) € O(n*logn). Note that
the constant factor in the bound hides quantities
not depending on n, including an exponential
dependence on the depth L.

Proof. See Appendix C.4.

6 Some Applications

Below, we consider some discrete tasks that have
been solved using UHATs or AHATS.

Induction Heads. In the basic induction head
task (Elhage et al., 2021), the input is a string
wy - - - Wy, and the goal is to find the rightmost
i < n such that w; = w, and output w; ;.
Sanford et al. (2024) consider the more gen-
eral k-hop induction head task, which iterates the
basic induction head task a constant £ number of
times.

The basic induction head task can be defined
exactly in LTL (Yang et al., 2024), and the k-hop
induction head task can be computed by iterating
the basic induction head task k& times, so Corol-
lary 17 gives a T-SMAT for the k-hop induction
head task with 7(n) = 1/n. Previous solutions for
these tasks include the following.

Liu et al. (2023a) show that the flip-flop lan-
guage, a particular instance of the basic induction
head task, can be recognized exactly by an AHAT
with gap y(n) = 1/n and zpa(n) € O(1). They
also give a SMAT in which queries are scaled
by O(nlogn), which is equivalent to a temper-
ature of Q(1/(nlogn)), a little lower than our
7(n) = 1/n solution.

Sanford et al. (2024) give an AHAT for the
k-hop induction head task with gap ~(n) €
Q(1/n?) and show how to simulate it with soft at-
tention. As discussed in Section 1, this simulation
is general but not parameter-uniform.

S-RASP Simulation. Strobl et al. (2025) con-
sider transductions (functions from finite strings to
finite strings) and introduce the language S-RASP
as a concise way to define them. They show that
any transduction expressible in S-RASP can be
computed by an AHAT with gap v(n) € Q(1/n?)
and Ty (n) € O(1). Thus, by Theorem 26, ev-
ery transduction that is expressible in S-RASP
can be exactly computed by a 7-SMAT with
7(n) € Q(1/(n®logn)).
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DYCK-k Membership. The language DYCK-k
consists of balanced sequences of brackets of
k types. Yao et al. (2021) give a transformer
for DYCK-k using selective layer norm and
both soft attention and average-hard attention.
Their algorithm can be expressed in S-RASP
(Appendix D), so Theorem 26 gives a 7-SMAT
with 7(n) € Q(1/(n%logn)). However, we
conjegtuie that DYCK-2 cannot be defined in

LTL[#, #, +, Mon].

7 Conclusion

Under what conditions can soft attention simulate
hard attention? The answer to this question turns
out to be rather intricate. As argued in the intro-
duction, any such simulation must give up one of
the assumptions of Hahn (2020) by adding tem-
perature scaling, rounding, non-Lipschitz layer
normalization, or unbounded position embed-
dings; or give up a fixed-size gap between accep-
tance and rejection. We have demonstrated how
to use inverse-temperature scaling and unbounded
position embeddings to simulate various sub-
classes of average-hard attention transformers,
and inverse-temperature scaling to simulate gen-
eral average-hard attention transformers. Future
research could explore the other interventions, as
well as how all these interventions interact in
practice with training dynamics.
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A  MLP Rounding

Lemma 27. Let p and p be positive integers with
p' > p.Any ReLU FFN to round p'-bit numbers to
p-bit numbers with £ layers and width m satisfies
(2m)¢ > 27,

Proof. Telgarsky (2015, Lemma 2.1) proves that
if a ReLU FFN of depth ¢ and width m computes
a function f: R — R then f is continuous piece-
wise affine with at most (2m)* pieces. So we need
to show that any piecewise affine function round-
ing a p’-bit number to a p-bit number requires at
least 2P pieces.

Let r be the function that rounds a p’-bit number
to a p-bit number. The domain of r is the set of 2
real numbers exactly representable with p’ bits,
and the range of r is the set of 2P real numbers
exactly representable with p bits. (We assume
that each p-bit number represents a different real
value.) For each y in the range of r, let m(y) be
the least z in the domain of r such that r(z) = y.

Suppose f: R — R is a piecewise affine func-
tion that agrees with r on its domain. If y; < y» are
two consecutive elements of the range of r, then
x1 = m(y1) and 25 = m(y2) must be in different
pieces of f. This is because there is at least one
point x in the domain of r with z; < x < x9,
and if z; and x5 were in the same piece, then
the value of f(z) would fall between y; and ys,
which are consecutive elements of the range of
r, a contradiction. Thus f must have at least 27
pieces, and the claim follows. O

Because Sanford et al. (2024) consider preci-
sion p = O(logn) and p’ > p, this implies that a
constant-depth ReLU MLP to round p’-bit num-
bers to p-bit numbers must have width at least n®
for some € > 0.

B Approximation Bounds

B.1 Proof of Lemma 6
Let

2e77
b= S5j < .
Ze =1
J#5*

a=e"

Then

||hardmax s — softmax s||,

a b a
( a+b)+a+b ( a—i—b)
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<2(1 a —9(1 1
- a+ ffelya 1+ 1276;7
-
= 46 < 467’y
14+e —

This allows us to bound the difference between
hard and soft attention:

Z [hardmax s];

J

vj — Z[softmax s);j vj
j

< ||hardmax s — softmax s||; Umax

< 4e 7

Umax .

B.2 Table Lookup (Proof of Lemma 7)

Observe that ) ;[hardmaxs];j = ¢, and let v =
softmax s, so we are trying to bound the difference
|t — > @;j|. Subtracting the constant term yt?
from each s; does not affect the a;, so we have:

n
Z = Zei’y(kfty 2 1
k=1

e_v(j_t)z

j=t+1
<Za]j—t Ze’”t —t)
Jj=t+1 j =t+1
n
Jj=t+1
o
2 2
< e Wk =7 + Z ek
k=1 k=2
——

(%)

Consider the function f(z) = e 7'z, which is
non-negative for x > 0 and decreasing for z > 1.
So the term (x) is a lower Riemann sum of f:

ee]

2 e 2
Ze”’k k< /e_W rdr =
1

k=2
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B.3 Tie-Breaking (Proof of Theorem 8)
(a) Let j* be the rightmost position j* < n
maximizing s;-. Consider any other position j.

If s; = s;+, then 7 < j*, and

. . 9 1 1
Spr—5;=n —jj—i—;
:’ynﬂ .*—.J
JJ
>903" =l

If s; < 55+ — 1, then

. . 9 1 1
Sjr — 85 =N 1—;—1—5
1 1
Z'yn2<1—1+>

n

=yn =" =l

So we can use Lemma 6 with a gap of v:

Z[rhardmax s — softmax §];v; | < 4e” TVmax.
J

(b) Let j* be the rightmost position j* < n
maximizing s;-. Consider any other position j.

If s; = s;+, then j < j*, and
. R 7
sj*—sj:2'yn<2n—2n>
=9l5* = jl-
If s; < s;~ — 1, then
JJ
s> 2m(1+ 2 — L
-z (14 - o)
Soyn (142 - "
n — — —
7 2n 2n
=71 +n) =77 =l

So we can use Lemma 6:

Z[rhardmaxs — softmax §];v; | < 4™ Upax.
J

(c) The leftmost case is symmetric.

C Proofs for Average-Hard Attention

To reduce complication, we assume that the
transformers we consider have d = dy = df. We



begin with a lemma bounding the effect of an
affine transformation on the norm of a vector.

Lemma 28. Let W € R™? and b,x € R%. Then
|[Wx + b||; < dwmax ||X]|; + dbmax, Where wmax

and by are the maximum absolute values of any
entry in W and b, respectively.

Proof.
d
IWx +bll, <D [We.-x|+[b],
k=1
d
< Zwmax HXH1 + dbmax
k=1

= dwmax |[X]]; + dbomax.- 0

For the rest of this section, as defined in Sec-
tion 5, T is an AHAT with L layers and gap
function y(n), and T is the 7-SMAT with the
same parameters. Let py., be the maximum of 1
and the absolute value of any parameter occurring
in 7. Over all inputs of length n, let . (n) be
the maximum of 1 and the absolute value of any
entry in any of the x;.

First, we bound the activations of 7'.

Lemma 29. Let K = 2(d?p2,, + 1)(dpmax + 1).
For any { € {0,...,L}, let (hy,... h,) be the
sequence of activations after layer { for some
input of length n. Then for all i € [n], ||h;]|; <

K dzmex(n) < Kldamy(n).

Proof. By induction on ¢. Fix an input of length
n. For £ = 0, we have h; = x; for the initial
activation vector X;, and ||X;||; < dZmax(n).

For ¢ > 0, let (g;,...,g,) be the sequence of
inputs to layer £. By the induction hypothesis, for
all i € [n], ||g;|l, £ K* 'dzmx(n). For i € [n],
the attention layer computes

n
¢ =8 + Z az-jW(V
j=1

By H < dpmaXngH and thus
||cz'||1 < (dpmax + 1)K£71d$max(n)-

Let Wy, by, Wy, by be the parameters of the
feedforward layer. We have

h,=¢,+W, RCLU(chi + bl) + bo.
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Because the ReLU operation does not increase
the norm of a vector, it suffices to bound, using
Lemma 28,

[hifl; < fle; + Wa(Wiei +by) + bally

< (d2pr2nax + 1) ||01H1 + d2p12nax + dpmax-

Substituting in the bound for ||¢; ||, and observing
that (d2 2 1)<dpmax ) > d2pmax + dpmax

pmax
and zmax (n) > 1, we conclude that

[hill, < 2(d*p2ax + 1) (dpimax + 1)K dzmax (n)
= Kédxmax(n). O

C.1 FFNN Layers

A FFNN layer computes the same function in 7'
and T'. It may amplify error in the input values,
but does not introduce new error.

Lemma 30. If for a FFNN layer of I' we have
two sequences of input vectors (¢, ...,¢y,) and
(€1,...,¢n) such that for all i, ||c; — ¢, <
€, then for the sequences of output vectors

(hi, ..., hy,) of this layer of T' and (hy,....h,)
of the same layer of T, we have for all i,
| < (P + e

Proof. Let Wy, by, Wy, by be the parameters of
the FFNN. We have |[ReLU(z) — ReLU(y)| <
|z — y| for all real numbers z,y, so the ReLU
operation does not increase error. Thus it suffices
to bound the increase in error from the two affine
transformations and the residual connection.

For: € [n}, (chi + b1) — (Wléz + bl)Hl =
IW1(e; — ¢)|l; < dpmaxe, by Lemma 28.

The second affine transformation with param-
eters W5 and by at worst multiplies the error by
dpmax again, and the residual connection adds at
most the input error, so the final error is bounded
by (d*p? 1)e. O

pmax

C.2 Self-attention layers

A self-attention layer may not only amplify error in
the input values, but may also introduce new error
because of the difference between average-hard
attention and temperature scaled softmax atten-
tion. Consider a self-attention layer of T" with pa-
rameter matrices W<Q), W(K), and W) in R2xd,
We first bound the error in computing attention
Scores S; ;.



Lemma 31. Let (hy,... h,) be a sequence of
input vectors to this attention layer for T and
(fll, e ,fln) a sequence of input vectors to the
same attention layer for T, where for all i,
|h; —hy||; < € for some € < 1. There exists a
constant K > 1 depending on d and puyax such
that for the attention scores s; j we have for all

7,
|8 — 8ij] < Khmaxe

where hpay is the maximum of 1 and the absolute
value of any entry in any h;.

Proof. The error in the query and key vectors at
positions ¢ and j, respectively, are, by Lemma 28,

qu - (izHl = HW(Q)hz - W(Q)ﬁzH < dpmax€
||kJ - lA(J'Hl = HW(K)hJ - W(K)ﬁ]H < dpmaxe€-

Then the error in the attention scores is

|si,j — Sil
1
Vd
1 X
= ﬁ‘q’ -k; — (q; + (q; — q;))
- (kj + (kj — k;j))|

1 A
=—|—q; (kj —k;j) — (q; — q;) - k;
Vd -
— (@ — q,) - (k;j — kj)|

ql"kj—(lz"f(j‘

and observing that |a - b| < ||a||; ||b]|; and € <
1 < hmax, We get

815 — 84
1
< ﬁ(zdgp?nathaxe + d2p12nax62)

< 3d32p2 | hmaxe. O

We now turn to bounding the error in the
resulting attention weights a; ;.

Lemma 32. Let 7 > 0. Let s = (s1,...,5y,) be
a sequence of scores for T with gap v, and let
§ = (81,...8,) be a sequence of scores for T,
respectively, such that for all i, |s; — §;| < e.
Then

||ahardmax s — softmax, §||, < 2ne "™ + 4¢/7.

Proof. There are two sources of error, the softmax
and the approximation of s:

||ahardmax s — softmax §||,
< ||ahardmax s — softmax s||,

+ ||softmax, s — softmax, §||, .
First, by Lemma B.7 of Edelman et al. (2022),

||ahardmax s — softmax s||, < 2ne /7.
Second (cf. Theorem 14f of Chiang (2025)), for
all i € [n],

€§i/T
e(siJre)/T
Zj e(Sj—E)/T = Zj esj/T

= /7 [softmax; s];.

[softmax; §]; =

e(si +2¢€) /T
<

If e < 7/2, then

[softmax; §|; < (1 + 4e/7)[softmax s|;
and by similar reasoning,

[softmax; §]; > (1 — 4¢/7)[softmax s];.
Then

||softmax, s — softmax S||,

< Z 4e/7[softmax, s|; = 4e/T.

1

On the other hand, if € > 7/2, then 4¢/7 > 2, and
||softmax, s — softmax; §||,; cannot exceed 2. [J

The next stage of an attention layer averages
the vectors W(V)hj weighted by the attention
weights «; ; and adds the residuals. The follow-
ing bounds the error in the result in terms of the
errors in the approximations of ¢; ; and h;.

Lemma 33. Ler (hy,...,h,) and (hy,... h,)
be sequences of elements of RY such that
Ih; —hil|; < € for all i. For each i, let
(ip,...,0ipn) and (&ij,...,0;n) be se-
quences of real numbers in [0,1] that each
sum to 1 such that |o;, — ., < e

Let ¢; = Z?:] a,-7jW(V)hj + h; and ¢ =
Z?Zl ézi,jW(V)hj + h;. Then for all 7,

||ci - éz”1 < dpmax(dhmax61 + 6) + €

164



where hyayx is the maximum absolute value of any
entry in any h;.

Proof. Fix position i. Then
n

=WV (i jhy — dijhy) + hi — h;.
j=1

~

C;, —C;

Fix position j. Then

v, by — i jhyl],
= |Jovi,ih; — 6 jhy + 6 hy — 6 jhy]|
< i — Gujl|hy |, + i z]hy; —hyl|,

< e j — Gijl||hyll, + dije.
This can be used to show
n
H > (i jhy — di jhy) H
j=1

> |

1

IN

;i jhj — i jhy H1

.

<

WE

(Jovij — duiz] IIhyll, + d je)
1
< dhmaxer + €.

<.
Il

Finally, the multiplication by wv) multiplies
this bound by at most dpny.x, and the residual
connection adds at most another e. ]

C.3 Proof of Lemma 25

Proof. Let g;, g;, h;, and h; fori € [n] be as in
the statement of the lemma. Assume that for all
i€n],|lg—gl, <e< L

By Lemmas 29 and 31, there exist constants
Ki,Ks > 1 (not depending on ¢) such that for
i,j € [n],

|si,j — 8ij| < Kihmax(n)e
< Komax(n)e.

By Lemma 32, for all i € [n],

4 KX max(n)€
7(n)

(n)
et — i, < 2ne” 7 +
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By Lemmas 29 and 33, there exist constants
K3, K4, K5 > 1 (not depending on ¢) such that
forall i € [n],

lei — ¢l

% Tmax (1)€

7(n)

Tmax (1€
7(n)

< Kg.'li‘max <n€7 + ) + K4hmax

).

Finally, by Lemma 30, there exists a constant
K > 1 (not depending on ¢) such that

_n
ne T(n

< K5Tmax ( +

”hi — lAlZH < K2max(n) <ne

C.4 Proof of Theorem 26

Proof. Fix aninput length n. For brevity, we write
min(y(n), 1), max(xmax(n), 1), and min(7(n), 1)
as 7y, Tmax, and 7, respectively.

Fix an input sequence of vectors (X, . ..
Let us write the bound from Lemma 25 as

,Xp).

€y = th _ﬁzH <a +repq
a= meaxneV/T

r= Kx?nax/r

Since the error ¢, at each layer is bounded by an
affine function of the error at the layer below, the
final error is the sum of a geometric series:

er = [ly; — ¥illy —adtar4---+arkt?
< Lar®™!
2 L-1
= Lanmax67V/T <%> .
T

Taking logs of both sides and using the inequal-
ity logr < logry + %O(T — 19) based on the
first-order Taylor approximation, with r as above
and ro = 2K (L — 1)z2,,. /7, we get

loger, =log|ly; — 5’1”1

<log Knwmax — X +(L—-1)logr

T
< log Knxmax — % +(L-1) (logrﬂ + r— To)
< log Knxmax — % + (L —1)(logry—1).



We want €7, to be bounded by the given error
function €(n). If « and g are such that e(n) <
a/nP, then we need

log Knamax — i + (L —1)(logrg — 1)
T

< log or/n’

which is obtained with the temperature bound

1.2 KnPH o
-> - <log 20 Tmax g (L —1)(logry — 1))
T Y (6%

D S-RASP Program for DYCK-k

The following S-RASP program (Strobl et al.,
2025) returns, for each prefix of the input (in),
whether the prefix belongs to DYCK-E, the lan-
guage of balanced strings of brackets with k types
of brackets. We assume that 1eft (o) returns 1
if o is a left bracket and 0 otherwise, right (o)
returns 1 if o is a right bracket and 0 otherwise,
and mismatch(o, 7) returns T if o and 7 are not
left and right brackets of the same type.

1
—log
v

nx max
,Y

O]
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sleft(i) =psum; [j <i] left(in(i))
sright(i) = psum; [j <] right(in(i))
erl(i) = sright(i) > sleft(i)
diff(i) =s eft( ) — sright(i)
d(i) = diff(i) + right(in(s))
check(i) =w»;[j < i,d(j) =d(3)] in(j) :
er2(i) = (right(in(i)) = 1)A

mismatch(check(i), in(i))
okprefix(i) =w»;[j <i,erl(j)Ver2(j)] L:T

out(i) = okprefix(i) A (diff(i) =0)

sleft(i) and sright(i) are the numbers of
left and right (resp.) brackets of any type through
position ¢. An error (er1(7)) is recorded wherever
there are more right than left brackets through
position 4. d(i) is the depth of the bracket at 7.
check(i) records the nearest bracket strictly to
the left that has the same depth. An error (er2 (7))
is recorded wherever there is a right bracket and
check(i) is not a left bracket of the same type.
Finally, the output out(:) for i is T iff the
prefix through 7 has no errors (okprefix(i))
and contains an equal number of left and right
brackets.



