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Abstract

Local attention with a sliding window is widely
used to scale transformers to long contexts, yet
it inevitably discards information beyond the
window boundary. We present Multiscale Spec-
tral Residual Attention (MSRA), a parameter-
efficient correction that adds a fixed multiscale
spectral residual branch to local attention, re-
quiring only 4,600-18,000 trainable parame-
ters per layer group. Through systematic diag-
nosis across GPT-2 and LLaMA models, we
map the boundary between where this correc-
tion helps and where it does not. On PG-19
language modeling, MSRA yields consistent
gains of 3—-11% in perplexity across both ar-
chitectures, with training at 1,024 tokens gen-
eralizing to evaluation at the same length. On
LongBench, MSRA closes 6.9% of the full-
local gap on average across 15 English tasks,
with 10 of 15 tasks showing positive improve-
ment. Mechanism analysis reveals that the cor-
rection operates as a statistical smoother rather
than a retrieval mechanism: gate selectivity
is near-uniform (94.5% of maximum entropy),
and far-context retrieval on needle-in-haystack
benchmarks shows zero recovery. We further
characterize the quality—cost tradeoff across
patch-layer configurations and document ex-
plicit failure modes on RULER, SCROLLS,
and DeepSeek. These findings position spec-
tral residual correction as a useful but bounded
enhancement for local attention — one that
improves language modeling quality without
enabling explicit long-range retrieval.

1 Introduction

Scaling transformer models to long sequences re-
mains a central challenge in language modeling.
The quadratic complexity of standard self-attention
makes full-context computation prohibitively ex-
pensive beyond moderate sequence lengths, driving
widespread adoption of sparse and local attention
mechanisms (Beltagy et al., 2020; Zaheer et al.,
2020; Child et al., 2019). Among these, sliding

window local attention restricts each token to at-
tending only within a fixed window of preceding
tokens, achieving linear complexity in the window
size while preserving the expressive power of exact
dot-product attention within that radius.

The tradeoff, however, is fundamental: informa-
tion beyond the window boundary is entirely invis-
ible to any given token. As sequence length grows
relative to window size, the gap between local and
full attention widens dramatically, degrading per-
formance on tasks that require integrating evidence
across long distances. Prior work has explored var-
ious strategies to mitigate this loss, including lin-
earized attention approximations (Katharopoulos
et al., 2020; Choromanski et al., 2021), frequency-
domain convolution representations (Liang et al.,
2025; Lee-Thorp et al., 2022), and state-space se-
quence models (Gu et al., 2022; Fu et al., 2023).
Yet these approaches either replace the attention
mechanism entirely or make strong parametric as-
sumptions about the structure of long-range depen-
dencies.

We take a different perspective: rather than re-
placing local attention, can we add a lightweight,
parameter-efficient correction that partially recov-
ers the information lost to window truncation?
This question leads to Multiscale Spectral Resid-
ual Attention (MSRA), a corrective residual branch
that operates in parallel with local exact attention.
MSRA uses fixed multiscale exponential kernels
in the frequency domain — implemented via FFT-
based Toeplitz convolution — to inject a smoothed,
long-range contextual correction into each atten-
tion head. The correction is added in head space
before the output projection, preserving the local
attention pathway intact.

Critically, our experiments reveal that the ef-
fective mechanism underlying MSRA differs sub-
stantially from our original design intent. While
the method was initially conceived with query-
conditioned gating over multiple spectral experts,



systematic ablation shows that a single expert with
uniform mixing — requiring only 4,600 trainable
parameters — already captures most of the ben-
efit. Gate selectivity sits at 94.5% of maximum
entropy, indicating near-uniform expert weighting.
Far-context retrieval benchmarks show zero recov-
ery over local attention. And the method consis-
tently fails to transfer to QA-style grounding tasks
like RULER and SCROLLS.

These findings, though limiting the scope of the
original claim, provide a clear and honest character-
ization of what spectral residual correction can and
cannot do. Our contributions are thus threefold:

1. We present MSRA, a parameter-efficient spec-
tral correction for local attention that uses
4,600-18,000 trainable parameters and consis-
tently improves language modeling perplexity
across GPT-2 and LLaMA architectures (3—
11% relative gain).

2. Through systematic ablation, mechanism di-
agnostics, and multi-benchmark evaluation,
we map the precise boundary between where
MSRA helps (LM perplexity, near/mid-range
context) and where it does not (far retrieval,
QA transfer, instruction tasks).

3. We characterize the quality—cost tradeoff
across patch-layer budgets, showing that even
a 2-layer, 4.6K-parameter correction closes
6.4% of the local-full gap at 1,024 tokens.

2 Method

MSRA augments standard local attention with a
far-context residual branch computed in the fre-
quency domain. The overall output for token i
combines a near-field exact attention term and a
far-field spectral correction:

near
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The near branch uses exact causal sliding win-
dow attention with window size w:
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where N(i) = {j :i —w < j <i}.

For the far branch, we define M spectral ex-
perts, each associated with a long-range kernel
gm(A) that captures dependencies beyond the local

window. Following the Toeplitz attention formula-
tion (Qin et al., 2023), we express the far-branch
computation through FFT-based convolution:
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where F(i) = {j : j < ¢ — w} denotes far-
context positions, g, (A) = exp(—A/oy,) is an
exponential kernel with learnable scale o,,, and
¥m(+) is an expert-specific key projection using a
positive feature map ¢ (z) = ELU(z) + 1.
The normalized expert output combines query
and key representations:
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with ¢(z) = ELU(x) + 1 and e = 1076,
Experts are mixed via per-token gating:
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The far-branch output is scaled by a learn-

able LayerScale parameter v, initialized to 1075,

which allows the model to gradually incorpo-
rate the spectral correction during training. This
zero-initialization ensures that at initialization, the
model behaves identically to local-only attention.

2.1 Implementation

The convolutions in Equations 3 and 4 are com-
puted via FFT in O(nlogn) time using the con-
volution theorem. To maintain numerical stabil-
ity, all linear projections and FFT operations use
FP32 precision, while the main model forward pass
uses FP16. We implement buffer preallocation and
kernel FFT caching to reduce repeated memory
allocation overhead during inference.

MSRA is applied only to the last L layers of
the transformer, leaving earlier layers unchanged.
This design reflects the observation that late-layer
attention patterns show stronger Toeplitz consis-
tency (mean 0.98 across heads), making them more
amenable to spectral approximation.



Model Seeds Window Train Len LocWHhidlow WMSRA PPLLocal®Rh. MSRA PPL  Gap Closed
GPT-2 (124M) 5 128 512 64 - 528348% 503.0 +4.0%
LLaMA-1B 4 128 512 128 (avg 4 seeds) +H1.0% - +11.5%
LLaMA-1B 1 128 1024 5@b4 498.5 H1.2% 69.9 +6.9%
LLaMA-1B 1 256 1024 2470 2115 +12.6%

Table 2 Window size sweep on LLaMA-1B. MSRA

Table 1: PG-19 perplexity results. MSRA provides
consistent improvements across model scales, window
sizes, and training lengths. LLaMA-1B results use the
simplified M=1, gate-off configuration. GPT-2 results
are averaged over 5 seeds; LLaMA over 4 seeds for
512-token training.

2.2 Simplified Configuration

Through extensive ablation (Section 5), we iden-
tified a minimal effective configuration that we
use as the default throughout this paper: M =1
expert, no query-conditioned gating (uniform mix-
ing), L = 8 patched layers, window size w = 128,
and feature rank » = 16. This configuration uses
only 18,448 trainable parameters for LLaMA-1B
while matching or exceeding the performance of
more complex variants. Unless otherwise noted, all
results use this configuration.

3 Language Modeling Results

We evaluate MSRA on PG-19 (Rae et al., 2020), a
collection of pre-1919 books that serves as a stan-
dard benchmark for long-range language modeling.
All experiments train only the spectral branch pa-
rameters, keeping the base model frozen.

3.1 Main Results

Table 1 summarizes the main language modeling
results. On GPT-2 (124M parameters), MSRA
trained at 512 tokens with a 128-token window
improves perplexity by 3.8% averaged over five in-
dependent seeds. The effect is substantially larger
on LLaMA-1B, where the simplified configuration
yields an average 11.0% improvement at the same
sequence length across four seeds.

Training at longer sequences further validates the
approach. With training at 1,024 tokens and evalua-
tion at the same length, MSRA closes 11.2% of the
local-full gap with a 128-token window, and 12.6%
with a 256-token window. These results confirm
that the spectral correction generalizes meaning-
fully beyond the short-sequence regime where it
was first demonstrated.

provides positive gain across all window sizes tested.
The absolute gap shrinks with larger windows, but the
relative improvement remains consistent at 4—12%.

Layers L Trainable Params

Gap Closed Params per % Gai

2 4,612 +6.4%
4 9,224 +7.7%
8 18,448 +11.5%

721
1,198
1,604

Table 3: Quality—cost tradeoff across patch-layer
budgets. Even L = 2 layers (4.6K parameters) pro-
vide meaningful correction.

3.2 Window Size Sensitivity

Table 2 examines MSRA’s behavior across differ-
ent local window sizes on LLaMA-1B. The correc-
tion yields positive gains across the full range from
w = 64 to w = 256, with the largest relative im-
provement occurring at intermediate window sizes.
This pattern is consistent with MSRA acting as a
window-agnostic residual correction rather than a
mechanism tuned to a specific window scale.

3.3 Patch-Layer Budget Analysis

A key practical consideration is the tradeoff be-
tween correction quality and parameter budget. Ta-
ble 3 reports the gap closed at 1,024 tokens for
L € {2,4,8}. Even the most lightweight con-
figuration, with only 4,612 trainable parameters
applied across two layers, closes 6.4% of the local-
full gap — representing a parameter efficiency of
721 parameters per percentage point of improve-
ment. Scaling to eight layers triples the gain to
11.5% while remaining well within the parameter
budget of even the smallest PEFT adapters.

4 Grounding Boundary Analysis

A central question for any local attention correc-
tion is whether it meaningfully improves ground-
ing — the ability to retrieve and integrate evidence
from distant context. We probe this boundary
through controlled retrieval experiments and multi-
task benchmark evaluation.



Model Window Near NLL Mid NLL HasNLL Full PPL  Local (w=128) + MSRA Gap Clo
Full Attention - 0.43 0.71 trivib9a 17 9,235 1,145 +87.8
Local Only 128 297 8.46 repdsench-p 9 4,896 1,135 +77.2¢
+ MSRA 128 2.51 8.42 tr&c4 1 19 4,910 1,133 +77.2¢
Full Attention  — 0.62 054  ngrpgveqa 24 3.170 Ladl 4545
Local Only 256 2.10 g31  Syqeport 6 479 353 207
+ MSRA 256 3.66 870 Mysque 22 7612 559 +266
multinews 7 1,160 925 +20.4¢
Table 4: NIAH retrieval by evidence distance. Lower qmsum 21 459 373 +19.7¢
NLL indicates better retrieval. MSRA helps at near samsum 5 681 612 +10.2¢
distances (within or close to the window) but provides .
no improvement for far-range evidence. Results at 1,024 qasper 10 1,256 2,595 -107.5
tokens, 128-token window. lcc 37 9,755 20,059 -106.0
Table 5: LongBench results for 15 English tasks.
4.1 NIAH: Where Does the Correction Help?  \jsRA (trained on PG-19 at 1,024 tokens) evaluated
We use a copy-based needle-in-haystack (NIAH) against local and full attention baselines. Average gap
. N S closed across all 15 tasks: 6.9%. Tasks sorted by MSRA
paradigm where a dlStlnCtlYC key—value pair is benefit.
embedded at a controlled distance from a query
prompt. Table 4 reports negative log-likelihood
(NLL) of the correct answer token, bucketed by Task Full PPL  Local PPL (w=128) +MSRA
evidence distance from the query. At near range RULER (4K truncation)
(within the local window), MSRA provides a mean- niah_single 198 3,454 5,191
ingful improvement over local-only attention — niah_multikey 138 3,456 2,662
a 26.5% reduction in NLL at w = 128. At mid- qa_squad 148 5,881 454
range (just beyond the window), the benefit largely qa_hotpotqa 62 2,655 18,071
vamshes: AF fz.lr range, MSRA and local attention SCROLLS
produce indistinguishable NLL. contract_nli B 0% acc 0% acc

This pattern is consistent across window sizes.
With w = 256, the near-range benefit remains but
the far-range gap is equally large. The correction,
in other words, acts as a local statistical smoother
rather than a mechanism for explicit long-range
retrieval.

4.2 LongBench: Partial Recovery Across
Tasks

LongBench (Bai et al., 2025) provides a diverse
set of long-document tasks requiring evidence in-
tegration across paragraphs and pages. Table 5
reports results for all 15 English tasks using MSRA
trained at 1,024 tokens on PG-19. On average,
MSRA closes 6.9% of the gap between local atten-
tion (w = 128) and full attention. Ten of fifteen
tasks show positive improvement, with particularly
strong results on triviaqa (+87.8%), repobench-p
(+77.2%), and trec (+77.2%).

However, the results also reveal clear failure
modes. On qasper and lcc, MSRA substantially
degrades performance relative to local attention
alone. These tasks involve structured question-

Table 6: RULER and SCROLLS results. MSRA (PG-
19 trained) provides no consistent benefit on QA-style
grounding benchmarks. Base LMs achieve 0% accuracy
on SCROLLS tasks regardless of attention type.

answering over specialized documents, a setting
for which the PG-19-trained spectral correction
provides no useful signal. This pattern highlights
an important grounding limitation: the correction
transfers effectively to tasks where LM-style per-
plexity correlates with task performance, but fails
when the task requires precise evidence extraction
from domain-specific text.

4.3 RULER and SCROLLS: The Limits of
Transfer

RULER (Hsieh et al., 2024) and SCROLLS (Sha-
ham et al., 2022) represent more challenging
grounding benchmarks. As shown in Table 6,
MSRA trained on language modeling data provides
no consistent benefit on these tasks. The spectral
correction was optimized for perplexity reduction



Lo®d@io? PRige Gap Closkd. (A MSRA - Local)

% Positive To

Configuration Trainable Params
M=4, gate-on, ¢(q)-on, L=4 45,096
M=1, gate-off, L=4 18,448
M=4, gate-off, L=4 43,048
M=1, gate-off, L=8 36,896

EaBlg3(@-25%) +6.0% +0.008
MisBBakly (25-50%$.0% +0.023
MidgBate (50-75%)6.0% +0.031
LaB8815-100%) +8.7% +0.031

100%
100%
100%
100%

Table 7: Ablation of design components on LLaMA-
1B. All variants trained at 512 tokens with w = 128.
The simplified M=1, gate-off configuration matches or
exceeds the full design. Patch-layer count provides the
most significant lever.

on narrative text; the resulting smoothed represen-
tations do not transfer to the precise token-level
matching required by QA-style evaluation.

This result, though negative, carries an impor-
tant practical message: parameter-efficient correc-
tions optimized for one grounding objective do
not automatically transfer to others. The evalua-
tion protocol must match the training objective, a
consideration particularly relevant to the efficient
grounding theme of this workshop.

5 Mechanism Diagnostics

Why does the correction work where it does, and
why does it fail where it fails? We address this
through systematic ablation and diagnostic analy-
sis.

5.1 What Components Actually Matter?

Table 7 presents a controlled ablation of the key
design choices in MSRA. The results contain a
clear message: the number of experts, the presence
of query-conditioned gating, and the ¢(q) term in
the denominator all have negligible impact on per-
formance. At L = 4, all configurations achieve
identical gap closure of 6.0%. Increasing the num-
ber of patched layers from four to eight raises this
to 8.7%, representing the only design choice that
materially affects outcomes.

5.2 Gate Analysis: Query-Conditioning Is
Real but Weak

We measure gate entropy — the uniformity of ex-
pert mixing weights across tokens — on a trained
M=4 checkpoint. The mean entropy is 1.311,
which is 94.5% of the maximum possible value
of In4 ~ 1.386. This indicates that the gate dis-
tributes weight nearly uniformly across experts at
almost every token position.

Table 8: Per-position NLL improvement at 1,024 to-
kens. All position ranges show positive mean improve-
ment. The benefit increases modestly from early to late
positions.

To verify that the gate retains some query sen-
sitivity, we perturb the final five tokens of a se-
quence while keeping the preceding context fixed.
The maximum absolute change in gate weights is
0.046 (on a scale where uniform weights are 0.25
per expert), confirming that the gate does respond
to query changes — but the magnitude of this re-
sponse is too small to create meaningful expert
specialization.

This finding explains the ablation results: since
the gate barely differentiates between experts, re-
moving it entirely or reducing to a single expert
incurs no performance penalty.

5.3 Per-Position Analysis: Corrections Are
Broad, Not Targeted

Table 8 decomposes the perplexity improvement
by token position. Every position quartile shows
consistent positive gain, with 100% of tokens in
each range benefiting from the correction. The im-
provement increases from early positions (+0.008
NLL) to late positions (+0.031 NLL), consistent
with the hypothesis that later tokens have more far
context to recover.

Critically, when we train at 512 tokens and evalu-
ate at 1,024 tokens — a 2 x length generalization —
90.6% of late-position tokens still show positive im-
provement. This out-of-distribution generalization
suggests that the spectral correction learns a robust,
position-agnostic pattern rather than memorizing
fixed-position adjustments.

5.4 What the Correction Is — and Isn’t

Synthesizing these diagnostics, MSRA emerges
not as a retrieval mechanism but as a statistical
smoother. The far branch learns to add a smoothed,
long-range contextual bias that modestly improves
token prediction, particularly for tokens that benefit
from non-local statistical regularities. It does not,
however, enable the model to selectively attend to



Seq Length Local (tok/s) + MSRA (tok/s)

Ovesheh@f self-attention. Mistral (Jiang et al., 2023)

512 34,254 3,738
1,024 27,083 3,706
2,048 17,931 3,664
4,096 11,535 3,188

and subsequent models demonstrated that sliding
ifndow attention alone, without global tokens, can
erve as an effective default for large-scale training.
iir work takes these designs as a starting point and
azgi‘()s whether a lightweight correction can recover

Table 9: Inference throughput on LLaMA-1B, RTX
4090. MSRA with M=1, L=8. The spectral branch adds
72-89% latency overhead in the current unoptimized
implementation.

specific distant tokens.

This interpretation is consistent with every obser-
vation: the near-uniform gate (no selective routing),
the near-but-not-far NIAH pattern (local smoothing
without distant precision), the failure on QA tasks
(no precise evidence extraction), and the consis-
tent but modest perplexity gains (broad statistical
improvement rather than targeted retrieval).

6 Practical Tradeoffs

Table 9 reports inference throughput for MSRA
on a consumer RTX 4090 GPU. The current im-
plementation adds 72-89% latency overhead rel-
ative to local-only attention, primarily due to the
FP32 FFT operations and the per-expert convolu-
tion loop. Buffer preallocation and kernel FFT
caching provide modest improvements at short se-
quence lengths ( 2x at 512 tokens, measured on
the spectral module alone), but the end-to-end over-
head remains substantial.

We emphasize that MSRA in its current form is a
research prototype demonstrating the feasibility of
spectral residual correction. The overhead could be
reduced through several engineering improvements:
replacing the per-expert Python loop with batched
operations, using mixed-precision FFT when hard-
ware support matures, and reducing the feature
rank r with minimal quality impact. These opti-
mizations are left to future work.

7 Related Work

Our work sits at the intersection of efficient atten-
tion mechanisms, spectral sequence modeling, and
parameter-efficient adaptation.

Local and sparse attention. Longformer (Belt-
agy et al., 2020), BigBird (Zaheer et al., 2020),
and the sparse transformer (Child et al., 2019) pio-
neered the use of structured sparsity patterns — in-
cluding sliding windows — to reduce the quadratic

the information they discard.

Linear and kernelized attention. Linear at-
tention (Katharopoulos et al., 2020) and Per-
former (Choromanski et al., 2021) approximate
the full attention matrix through kernel feature
maps, reducing complexity from O(n?) to O(n).
RWKYV (Peng et al., 2023) and RetNet (Sun et al.,
2023) combine linearized attention with recurrent
or decay-based formulations for efficient long-
sequence processing. Our linear baseline exper-
iment (Section 4) shows that naive linear attention
underperforms local attention at the same parame-
ter scale, motivating the hybrid local+spectral de-
sign.

Spectral and frequency-domain methods.
FNet (Lee-Thorp et al., 2022) replaced self-
attention entirely with Fourier transforms, demon-
strating that frequency-domain mixing alone can
be competitive for certain tasks. Conv-Basis (Liang
et al., 2025), the closest prior work, approximates
attention as a sum of convolution matrices com-
puted via FFT. MSRA differs in preserving exact lo-
cal attention while adding spectral correction only
for far-context regions. State-space models (Gu
et al., 2022; Fu et al., 2023) provide an alternative
approach to long-range sequence modeling through
structured convolutional parameterizations.

Parameter-efficient adaptation. LoRA (Hu
et al., 2022) and related PEFT methods (He et al.,
2022; Liu et al., 2022) showed that large pretrained
models can be adapted with very few trainable pa-
rameters. MSRA shares this philosophy: only the
spectral branch parameters are trained, while the
base model remains frozen. At 4.6—18K parame-
ters, MSRA is smaller than even a rank-1 LoRA
adapter applied to attention projections.

Evaluation and diagnosis. Our evaluation strat-
egy is informed by the growing emphasis on rig-
orous benchmarking of long-context models (Bai
etal., 2025; Hsieh et al., 2024; Shaham et al., 2022),
as well as recent calls for including negative results
and failure analysis in NLP research (Rogers et al.,
2021; Dodge et al., 2019).



8 Limitations

We document the following limitations explicitly,
both to scope the contribution and to guide future
work.

Far-context retrieval. MSRA does not enable
selective long-range retrieval. NIAH experiments
show zero recovery beyond the local window, and
the method cannot substitute for full attention on
tasks demanding precise distant evidence extrac-
tion.

Task transfer. The correction is optimized for
language modeling perplexity and does not trans-
fer reliably to QA or instruction-following bench-
marks. RULER and SCROLLS results are either
mixed or negative.

Runtime overhead. The current implementa-
tion adds 72-89% latency overhead. While we
have demonstrated engineering paths to reduction
(buffer caching, batched convolutions), MSRA is
not currently competitive with local attention in
terms of throughput.

Model coverage. Our strongest results are on
GPT-2 and LLaMA-1B. On DeepSeek-R1-7B, we
observe no meaningful gap between local and full
attention at the tested sequence lengths, preventing
meaningful evaluation of the correction.

Benchmark scope. Our multi-task evaluation
is weighted toward English-language tasks and
perplexity-based scoring for base language mod-
els. Performance on generation, summarization, or
instruction-following tasks with fine-tuned models
remains unexplored.

9 Conclusion

We have presented MSRA, a parameter-efficient
spectral correction for local attention in base lan-
guage models, and conducted a systematic diagno-
sis of where it helps and where it does not. The
correction provides consistent, modest perplex-
ity improvements across architectures and train-
ing lengths, with a parameter budget as low as
4,600 tokens. Mechanism analysis reveals that the
effective operation is statistical smoothing rather
than explicit retrieval — a finding that constrains
the scope of the contribution but also clarifies the
boundary conditions for spectral attention meth-
ods. For the GroundLM community, our results
offer a concrete case study in diagnosing the gap
between a method’s intended mechanism and its
empirical behavior, and we hope the honest char-
acterization of both strengths and failures proves

useful for future work on efficient, faithful ground-
ing in language models.
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